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Abstract Angular and linear accelerations of the head
occur throughout everyday life, whether from external
forces such as in a vehicle or from volitional head move-
ments. The relative timing of the angular and linear com-
ponents of motion differs depending on the movement.
The inner ear detects the angular and linear components
with its semicircular canals and otolith organs, respec-
tively, and secondary neurons in the vestibular nuclei
receive input from these vestibular organs. Many sec-
ondary neurons receive both angular and linear input.
Linear information alone does not distinguish between
translational linear acceleration and angular tilt, with its
gravity-induced change in the linear acceleration vector.
Instead, motions are thought to be distinguished by use
of both angular and linear information. However, for
combined motions, composed of angular tilt and linear
translation, the infinite range of possible relative timing
of the angular and linear components gives an infinite
set of motions among which to distinguish the various
types of movement. The present research focuses on
motions consisting of angular tilt and horizontal trans-
lation, both sinusoidal, where the relative timing, i.e.
phase, of the tilt and translation can take any value in the
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range −180◦ to 180◦. The results show how hypothetical
neurons receiving convergent input can distinguish tilt
from translation, and that each of these neurons has a
preferred combined motion, to which the neuron
responds maximally. Also shown are the values of angu-
lar and linear response amplitudes and phases that can
cause a neuron to be tilt-only or translation-only. Such
neurons turn out to be sufficient for distinguishing
between combined motions, with all of the possible rel-
ative angular–linear phases. Combinations of other neu-
rons, as well, are shown to distinguish motions. Relative
response phases and in-phase firing-rate modulation are
the key to identifying specific motions from within this
infinite set of combined motions.

1 Introduction

Natural head movements involve combinations of angu-
lar and linear motion, which are detected at the inner ear
by the vestibular endorgans: the semicircular canals for
angular motion, and the otolith organs for linear motion.
The nervous system uses this motion information for
many purposes, including balance, eye movements to
stabilize visual images, and perception of motion and
orientation; the crucial role of the vestibular system
becomes apparent when considering vestibular disor-
ders, which cause disabling dizziness, balance problems,
and pathological eye movements. Information detected
by the vestibular endorgans about angular and linear
motion is carried separately by primary afferents from
the inner ear to the vestibular nuclei in the brain stem.
The vestibular nuclei’s neuron responses to separate
angular and linear motion have been well-studied, espe-
cially in relation to reflexive eye movements, but much
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less is known about combined angular–linear motion
and the pattern of secondary neuron responses to those
motions.

Neurons in the primate vestibular nuclei often have
resting firing rates above 50, and even over 100, impulses
per second (ips), and the firing rates are modulated by
factors such as angular and/or linear head motion (Fuchs
and Kimm 1975; Keller and Daniels 1975; Keller and
Kamath 1975; McConville et al. 1996; Miles 1974;
Tomlinson et al. 1996) upon input from cells such as
the primary vestibular afferents, whose resting firing
rates can reach upwards of 100 ips (Fernandez and
Goldberg 1971; Goldberg and Fernandez 1971; Keller
1976; Louie and Kimm 1976). A neuron’s response is
typically considered in terms of the modulation in fir-
ing rate about the resting level. Neurons that respond
to angular motion of the head often have their repon-
ses measured during sinusoidal angular motion, with
the relevant response parameters being gain and phase,
because these neurons’ firing rates modulate about
the resting level at the same frequency as, but per-
haps different phase from, the angular motion of the
head. Similarly, neurons that respond to linear motion
of the head have their responses measured in terms of
the gain and phase of the firing-rate modulation about
the resting level during sinusoidal linear motion. In both
cases, the response gain and phase may be frequency-
dependent. Many neurons exhibit angular–linear “con-
vergence” (Duensing and Schaefer 1959) by responding
to both angular and linear motion (Baker et al. 1984;
Curthoys and Markham 1971; Perachio et al. 1992; Sear-
les and Barnes 1977).

A confounding factor is gravity, particularly during
tilt movements. Gravity is a linear acceleration accord-
ing to Newtonian mechanics. Therefore, the otolith
organs, like any accelerometer, respond to gravitation
in the same way that they respond to linear acceler-
ation during translation. (In neurobiology, Einstein’s
Equivalence Principle is often invoked in support of this
fact, because he imagined a famous elevator gedanken
experiment in developing General Relativity.) Even a
purely angular tilt motion about a horizontal axis is
detected not only by the semicircular canals but also by
the otolith organs, resulting in both angular and linear
responses in the vestibular nuclei. However, for balance
during stance and locomotion, it is crucial for the ner-
vous system to be able to distinguish linear responses
due to tilt from those due to translation. A topic of
immense current interest is the question of how the
nervous system distinguishes tilt from translation, lead-
ing to a recent surge in analysis and proposed models
(Angelaki and Dickman 2003; Angelaki et al. 2001a, b,
1999, 2004; Green and Angelaki 2003, 2004; Green and

Galiana 1998; Hess and Angelaki 1999a, b; Merfeld and
Zupan 2002; Mergner and Glasauer 1999; Raphan and
Cohen 2002). Recent experimental work with sinusoidal
motions including linear, angular about a vertical axis,
and angular about a non-vertical axis has given new data
on the dynamics of convergent vestibular nuclei neu-
ron responses to angular and linear motion (Angelaki
and Dickman 2000; Angelaki et al. 2004; Dickman and
Angelaki 2002, 2004; Perlmutter et al. 1999; Schor et al.
1998). From these studies arise questions about specific
neuron responses and the variety of neuron responses,
not only to tilt and translation alone but to the range of
possible combined motions. A model has been proposed
(Green and Angelaki 2004), for example, to explain cer-
tain observed neurons such as those responding only to
tilt or only to translation during tilt–translation motions
that are exactly in phase or 180◦ out of phase. This model
uses a connection diagram with dynamics (implemented
by Laplace transfer functions) for the components, and
the results give plots of response over time as well as
Bode plots showing response gain and phase for the
in-phase and opposite-phase tilt–translation motions.
The simulations model experimental results for these
motions.

Beyond these experimentally studied motions arise
questions about more complicated head movements and
the potential patterns of vestibular nuclei responses dur-
ing ranges of natural movements. Previously, for
movements in which gravity was not a factor, the ques-
tion of response patterns was addressed (Holly and
McCollum 1998; Holly et al. 1999) using mathematical
techniques. One main result was to highlight the impor-
tance of the wide span of secondary neuron responses
to pure translation or rotation, with a range of phases
and gains during sinusoidal motion. Because of the wide
range of secondary neuron response phases to transla-
tion and rotation, convergence was shown to be able
to produce a variety of secondary neuron responses to
combined yaw–translation motions, giving each neuron
a “preferred” motion, to which the neuron responded
with the greatest firing rate modulation, and allowing
the nervous system to identify specific motions by the
in-phase firing-rate modulation of pairs of neurons.

Angular tilt motions, however, have the added com-
plication of a gravity-induced detected linear accelera-
tion that is not caused by translation. The goal of the
present research is to expand earlier methods to include
tilt motions about a horizontal axis, and to investigate
the resulting potential patterns of neuron responses in
the vestibular nuclei. Studied here are motions consist-
ing of both a tilt (i.e. pitch and/or roll angular motion
about a horizontal axis) and a horizontal translation,
each of which is sinusoidal, of the same frequency. Data
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are available for sinusoidal motions because of their
experimental feasibility; application to other types of
motion is discussed in Sect. 7. For the present research,
the phase difference between the tilt and translation
components can be anywhere in the range −180◦ to
180◦. Typically discussed are combinations of roll tilt
and interaural translation, and the set of motions of
interest consists of all possible tilt–translation combina-
tions, as represented by phase shifts between the tilt and
translation components (Fig. 1). In this way, the ana-
lytical methods can extend experimental results, which
typically involve separate angular and linear motions, or
motions in which the angular and linear components are
in phase or of opposite phase. Also, the present methods
apply as well to pitch tilt and naso-occipital translation,
which are important for locomotion.

Several specific questions arise about neurons that
receive both angular and linear input; these questions
are addressed in the succeeding sections. One question
is whether, or exactly how, a neuron could exist that
responds to pure translation but not to pure tilt. In
other words, how is a “translation-only” neuron pos-
sible, and what parameters are involved? Another ques-
tion is whether neurons have preferred motions among
the full range of combined motions, just as neurons had
preferred motions in the case where gravity was not
involved (Holly et al. 1999). The way in which grav-
ity affects the range of preferred motions is also of
interest. To compare with non-gravity-complicated situ-
ations (Holly and McCollum 1998; Holly et al. 1999), the
question arises whether specific motions can be identi-
fied through in-phase modulation of firing rates of cer-
tain neurons, and whether pairs of neurons can change
their relative response phase depending on the motion.
If so, the present results provide evidence that moto-
neurons may potentially be innervated on the basis of
specific motion information assembled in the vestibu-
lar nuclei, which would give the nervous system the
ability to control the order and timing of muscle con-
tractions depending on the motion. Overall patterns of
reponse to the range of tilt–translation motions are also
investigated.

2 Underlying equations

We consider sinusoidal head motions that are composed
of tilt and/or earth-horizontal translation, often using
roll tilt and interaural translation as an example; the
set-up and results apply equally to motions composed
of pitch tilt and naso-occipital translation, for instance.
Here, “translation” refers to the linear motion, and “tilt”

= 0°

= 180°

= 90°

= -90°

"hilltop"

"swing"

Fig. 1 Four example motions, as specified by φ, out of the full
range of possible motions as φ varies from −180◦ to 180◦. The
value of φ indicates the phase lead of the linear component of
motion over the angular component of motion

refers to the angular motion. The two components are
written as

translational acceleration = � sin(ωt) (1)

tilt acceleration = a sin(ωt − φ) (2)

with positive being rightward in both cases, where � is
the amplitude of the translation component, a is the
amplitude of the tilt component, t is time, φ is the phase
shift between the tilt and translation components, and ω

gives the frequency of the motion, which is the same for
the tilt and translation components. Although the units
of measure for the parameters are immaterial for the



314 Biol Cybern (2006) 95:311–326

mathematical derivation, one standard set would have
� in m/s2, a in radians/sec2 (rad/s2), and t in seconds; ω

and φ are necessarily in rad/s and rad, respectively.
If � and a are fixed, then each value of φ specifies a par-

ticular type of motion (Fig. 1). Much of the paper con-
siders fixed � and a, investigating the range of motions
as given by the range of values of the parameter φ.

Before discussing neuron responses, further analy-
sis of linear acceleration is necessary. In particular, the
motion’s angular component – roll tilt – changes the
orientation of the head with respect to gravity, and
gravity is sensed as an earth-upward linear accelera-
tion vector, contributing to the total sensed interaural
linear acceleration during motion. This linear acceler-
ation contribution is computed by first integrating the
angular acceleration in (2) to get the tilt angle θ(t) =
(−a/ω2) sin(ωt−φ), then calculating the interaural com-
ponent of the linear “pseudo-acceleration” due to the
presence of gravity (Fig. 2):

linear contribution from tilt = −g sin(θ(t))

= −g sin((−a/ω2) sin(ωt − φ))

= g sin((a/ω2) sin(ωt − φ))

≈ g sin(a/ω2) sin(ωt − φ) (3)

where g = 9.81 m/s2, and the approximation on the last
line is from Appendix A. The approximation as derived
in Appendix A requires a/ω2 ≤ π/2; this restriction
is used throughout the paper, as is the above approxi-
mation. The total linear interaural sensed acceleration,
often called the resultant acceleration or the gravito-
inertial acceleration (GIA), is the sum of actual linear
acceleration [in (1)] and the linear contribution from tilt:

total sensed linear acceleration =
� sin(ωt) + g sin(a/ω2) sin(ωt − φ) (4)

using the approximation from (3) as justified in Appen-
dix A.

Specifying the neuron response also requires param-
eters. We consider neurons in the vestibular nuclei that
respond to interaural linear and/or roll angular motion.
As a modulation of firing rate, the neuron response
during a sinusoidal motion is approximated by a sinu-
soid according to the standard model (Angelaki 1991,
1992; Angelaki et al. 1993; Baker et al. 1984) based
upon experimental research (Angelaki et al. 1993; Baker
et al. 1984; Fuchs and Kimm 1975; Miles 1974). At a fixed
frequency of motion, each neuron has a response gain
and phase shift, represented here as follows for a given
neuron.

• Linear response gain = L′, phase = λ.
• Angular response gain = A′, phase = α.

θ

θ

g

g sin(θ)

in the negative
(leftward)
direction

Fig. 2 Geometry related to the gravity vector. The interaural com-
ponent of the detected “pseudo-acceleration” due to the presence
of gravity is g sin(θ)

For a motion specified by amplitudes � and a and
phase φ, as formalized in (1) and (2), the neuron’s
responses to the linear (4) and angular (2) acceleration
are

response to linear =
L′� sin(ωt + λ) + L′g sin(a/ω2) sin(ωt − φ + λ) (5)

response to angular = A′a sin(ωt − φ + α), (6)

where a value of zero corresponds to the resting fir-
ing rate of the neuron. The responses to the linear and
angular inputs are written separately because one goal
is to tie in with experimental work that measures linear-
only or angular-only responses, or a specific combination
of linear and angular inputs. This modeling allows the
investigation of more complicated motions that are less
feasible experimentally.

The development of subsequent equations is designed
for either linear or nonlinear summation of separate
responses. For some situations there are experimental
findings that for vestibular nuclei neurons, the response
to two simultaneous inputs is well-approximated by the
sum of the responses to the individual inputs (Angel-
aki et al. 1993; Baker et al. 1984; Boyle and Pompei-
ano 1981; Tomlinson and Robinson 1984). However,
many neurons appear to lean toward their angular-only
dynamics during tilt (Dickman and Angelaki 2002), with
a summation that apparently depends nonlinearly on the
amplitudes of the linear and angular components of the
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motion. Because the present research fixes the motion’s
linear amplitude, �, and angular amplitude, a, this non-
linearity is represented by a scaling of the response gains
to the linear and angular components of motion. During
combined linear and angular motion, a neuron has

• response gain to linear component = L = sLL′,
• response gain to angular component = A = sAA′,

where the scaling factors sL and sA differ from neuron to
neuron, and depend on � and a, which are fixed here. For
combined tilt–translation motions with fixed � and a, a
neuron’s response properties are then characterized by
L, λ, A, α.

Appendix B contains a derivation of a compact
expression in (46) for the sum of three sines, leading
to the following equation for a neuron’s total response,
i.e. the sum of the appropriately scaled (5) and (6), upon
combined translation–tilt sinusoidal motion given by (1)
and (2) above:

L� sin(ωt + λ) + Lg sin(a/ω2) sin(ωt − φ + λ)

+Aa sin(ωt − φ + α)

= T sin(ωt + γ ) (7)

where the response amplitude, T, is

T = [(L�)2 + (Lg sin(a/ω2))2 + (Aa)2

+2L�Lg sin(a/ω2) cos(φ)

+2L�Aa cos(φ − (α − λ))

+2Lg sin(a/ω2)Aa cos(α − λ)]1/2 (8)

and the response phase, γ , is given by

sin γ = (L� sin λ + Lg sin(a/ω2) sin(−φ + λ)

+Aa sin(−φ + α))/T (9)

cos γ = (L� cos λ + Lg sin(a/ω2) cos(−φ + λ)

+Aa cos(−φ + α))/T. (10)

It is useful to note that all of L�, Lg sin(a/ω2) and Aa are
nonnegative because of the requirement a/ω2 ≤ π/2.

An example showing components of motion and the
resulting components of response, as well as the total
response, is graphed in Fig. 3.

The neurons under consideration are those firing
within their “operating ranges” in the sense that the
firing rate remains nonzero throughout the motion.
However, many results can still apply to neurons whose
response curve is flattened in the valleys due to the firing
rate hitting 0 ips, because phase can still be defined by
zero-crossings, and gain can be defined by the positive
peak.

3 Tilt-only and translation-only units

Is it possible to have neurons that respond only to tilt
and other neurons that respond only to translation?
The model in Green and Angelaki (2004) shows both
tilt-only and translation-only cells generated through
connections between components governed by transfer
functions. Here, we use response properties as explained
above, for a model in which total response is understood
in an intuitive way from a direct addition of response
components, for this sinusoidal case. The question is
whether there are response parameters L, λ, A, and α

such that the associated units (i.e. hypothetical neurons)
will respond to only one of tilt or translation.

The first half of the question is easy to answer: yes, it is
possible to have units that respond to tilt but not trans-
lation. Such a unit would simply have linear response
gain L = 0 and angular response gain A �= 0. The value
of λ is then immaterial, and α can take any value.

The second half of the question leads to the more
interesting investigation: is it possible to have a unit that
responds to translation but does not respond to tilt even
though tilt induces a gravity-related sensed linear accel-
eration? This question and related analyses fill the rest
of this section.

A translation-only unit must involve convergence, i.e.
both L �= 0 and A �= 0. In particular, the unit must
respond to linear motion alone during translation, there-
fore has linear response gain L �= 0. However, the unit
will then respond to the gravity-related sensed linear
acceleration during tilt, so must have another compo-
nent of response to cancel the linear response in order
for the total response to be zero during tilt. In particular,
the unit must have angular response gain A �= 0.

The question can then be phrased as, “Given an L �=
0, is there a combination of angular response gain, A, and
linear and angular response phases λ and α, respectively,
such that the associated unit will have total response
gain T = 0 to tilt?” Also, does the answer depend on
the motion amplitude, a, and/or frequency, ω?

During tilt, i.e. when � = 0, (8) for total response gain
T becomes

T = [(Lg sin(a/ω2))2 + (Aa)2

+2Lg sin(a/ω2)Aa cos(α − λ)]1/2

= [(Lg sin(a/ω2) − Aa)2

+2Lg sin(a/ω2)Aa(1 + cos(α − λ))]1/2. (11)

Because Lg sin(a/ω2) and Aa are nonnegative, 2Lg sin
(a/ω2)Aa(1 + cos(α − λ)) is nonnegative. To get T = 0
thus requires both Lg sin(a/ω2) = Aa and cos(α − λ) =
−1.



316 Biol Cybern (2006) 95:311–326

0 0.5 1 1.5 2 2.5 3 3.5 4
-20

-15

-10

-5

0

5

10

15

20

time (seconds)

am
pl

itu
de

 (
m

/s
2  

[tr
an

sl
at

io
n]

, r
ad

/s
2  

[ti
lt]

, o
r 

no
rm

al
iz

ed
 [r

es
po

ns
e]

)

MOTION COMPONENTS:

translation    tilt

RESPONSE TO ANGULAR

RESPONSE TO:

translation
+gravity
=LINEAR (total)

TOTAL RESPONSE

Fig. 3 Example of the relationship between the motion and the
response by a neuron. Dashed curves show the translation and tilt
components of a 0.5 Hz motion, with translation leading tilt by
90◦ (so φ = 90◦). Solid curves show components of response. Thin
curves show the separate components of linear response; this neu-
ron has λ = 20◦ and L = 1.2, so the response to translation leads
the translation component of motion by 20◦ and has amplitude
1.2 times as large (which could be converted to ips depending on
the conversion factor, e.g. a normalized “5” might equal 30 ips, to
be added to the resting firing rate). Also, the response to gravity,

as shown, is related by Eq. (3) to the response to angular motion.
The next thicker curves show the total response to linear motion
(the sum of the responses to translation and gravity) and angular
motion; this neuron has α = −20◦ and A = 1.5, so the response
to angular motion lags the tilt component of motion by 20◦ and
has amplitude 1.5 times as large. The total response of the neu-
ron is shown by the thickest curve; total response is the sum of
the response to angular motion and the total response to linear
motion

These requirements result in the pair of conditions

A
L

= g
a

sin(a/ω2) and (12)

λ − α = ±180◦ (13)

assuming that λ and α are given in the same 360◦ range.
The derivation shows that the pair of conditions in

(12) and (13) gives a translation-only unit, and that this
is the only combination that will work, answering the
question: yes, it is possible to have units that respond
to translation but not to tilt. The answer is intuitive, as
well. Linear and angular responses are exactly out of
phase, and linear and angular response amplitudes are
tuned so that the two components cancel during tilt, just
as desired.

Equations (12) and (13) also answer the related ques-
tion, of whether the answer depends on the motion
amplitude, a, and/or the frequency, ω: yes. This answer
brings up another question: how robust is a translation-
only unit? In other words, if a unit is translation-only
at a certain motion amplitude and frequency, will the

unit continue to be closely translation-only if the motion
amplitude or frequency is changed? Of course, the unit
will continue to respond to translation at any linear
motion amplitude and frequency, so the question is re-
ally about tilt, and whether the unit will continue to lack
substantial response to tilt at similar motion amplitudes
and frequencies.

Figure 4 shows response of a unit designed to be trans-
lation-only at a given amplitude and frequency 0.5 Hz.
For motions at 0.5 Hz, Fig. 4 shows that the unit remains
close to translation-only when the amplitude of the
motion changes. In particular, the ratio of the tilt-only
response to the translation-only response remains close
to zero. However, the response amplitude ratio changes
more if the frequency changes. This is true whether the
motion amplitude is normalized in terms of acceleration
or in terms of position.

In summary, both tilt-only and translation-only units
are possible. Tilt-only units are robust because they
have zero response to linear acceleration. Translation-
only units are less robust upon significant change in
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Fig. 4 Degree to which a translation-only unit remains transla-
tion-only under variation of motion parameters. The unit here
is translation-only at 0.5 Hz for motions of amplitude 5.17
(= π3/6) rad/s2 and m/s2, i.e. amplitude π/6 = 30◦ and 0.52 m.
At Fixed Frequency of 0.5 Hz, change of motion amplitude does
not cause a significant effect on the unit’s ability to remain trans-
lation-only. In particular, the response to tilt remains less than

0.2 times the response to translation over the range 0–10 of
motion amplitude. However, a change of frequency affects the
unit’s ability to remain translation-only, with either Fixed Accel-
eration Amplitude (of π3/6) or Fixed Position Amplitude (of π/6).
On the other hand, the unit still responds more to translation than
to tilt for almost all frequencies, as indicated by a tilt/translation
response ratio less than 1

frequency, but when the frequency of motion is fixed,
translation-only units remain essentially translation-
only, exhibiting only relatively small response to tilt.

4 Amplitude of response to a range of motions

For a given neuron, is there a motion that gives a great-
est response amplitude, among the range of combined
motions that include both a tilt and translation compo-
nent? Such a motion may be called the neuron’s “pre-
ferred” motion. To make the question precise, nonzero
amplitudes � and a of the motion components are fixed,
and the question is whether there is a value of φ that
maximizes the neuron’s response. The analogous ques-
tion for combined yaw–translation motions with � = a
was answered in Holly et al. (1999) as φ = α − λ. How-
ever, the involvement of gravity in roll tilt makes the
question more complicated here.

Equation (8) gives the total response T of a neuron
with properties specified by L, λ, A, and α. Because ω,
� and a are fixed for the range of motions under consid-
eration, the goal is to find the value of φ that maximizes
T. There are only two terms in T that involve φ, and
the value of T is maximum when the sum of those terms
is maximum. These terms may be rewritten similarly to
those shown in (40) in Appendix B by

2L�Lg sin(a/ω2) cos(φ) + 2L�Aa cos(φ − (α − λ))

= 2L�q cos(φ + ξ) (14)

where

q = [(Lg sin(a/ω2))2 + (Aa)2

+2Lg sin(a/ω2)Aa cos(α − λ)]1/2 (15)

and

sin ξ = (Aa sin(α − λ)) /q (16)

cos ξ =
(

Lg sin(a/ω2) + Aa cos(α − λ)
)

/q. (17)

The maximum for the expression in (14) occurs when
φ = −ξ , unless 2L�q = 0. The value of T is constant
across the range of motions if 2L�q = 0, which can hap-
pen in one of two ways. One way is for L = 0, i.e. that the
unit is a tilt-only unit. The other way is for q = 0, which
happens if α−λ = ±180◦ and Lg sin(a/ω2) = Aa, mean-
ing that the unit is a translation-only unit. Otherwise, if
2L�q �= 0, then T is maximum at the φ defined by

sin φ = (−Aa sin(α − λ)) /q (18)

cos φ =
(

Lg sin(a/ω2) + Aa cos(α − λ)
)

/q. (19)

As it turns out, this φ does not depend independently
on all of the neuron parameters L, λ, A, and α, but
depends only on A/L and (α − λ). Also interesting is
that the expression involves ω and a but not �. In terms
of A/L, (α − λ), ω, and a, T is maximum when

sin φ = (−Ra sin(α − λ)) /Q (20)

cos φ =
(

g sin(a/ω2) + Ra cos(α − λ)
)

/Q (21)
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where

R = A/L (22)

Q = [(g sin(a/ω2))2 + (Ra)2

+2g sin(a/ω2)Ra cos(α − λ)]1/2. (23)

For fixed ω, � and a, these equations for φ give the pre-
ferred motion as a function of the neuron’s R(= A/L)

and (α − λ). The resulting graph (Fig. 5a) shows the
variety of preferred motions across the ranges of R and
α − λ. These preferred motions correspond to the φ of
the peaks of the neurons’ tuning curves, of which there
is a variety of shapes (Fig. 5b).

As illustrated in Fig. 5a, certain aspects of preferred
motions are easy to understand. When α = λ, for exam-
ple, so that the neuron’s response to the angular and
linear components are in phase, the preferred motion
is always φ = 0◦, the hilltop motion; this makes sense
intuitively.

When α−λ = 180◦, the situation is more complicated,
with a singularity at the point R = (g/a) sin(a/ω2). At
the singularity, the unit is a translation-only unit, and
leads to a singularity in the pair (20) and (21), and in the
graph (Fig. 5a). As seen by the analysis following (17), a
translation-only unit does not have a preferred motion.
It is possible to understand this fact by first noting that a
translation-only unit has zero response to the total of the
tilt, i.e. to the angular component along with the grav-
ity-related sensed linear acceleration caused by the tilt.
Thus, the total response is just the response to the actual
translational motion, which has amplitude � for all of the
motions. Therefore, the total response amplitude is L� to
every motion, none of which is therefore preferred. For
units with α − λ = 180◦ but away from the singularity,
the preferred motion depends on whether R is greater or
less than (g/a) sin(a/ω2) because of the unit’s response
to the angular versus the linear acceleration induced by
the tilt component of motion. For R < (g/a) sin(a/ω2)

and α−λ = 180◦, the unit has greater response to the lin-
ear than to the angular acceleration of the tilt, the angu-
lar response is then subtracted from the linear response
to tilt, so the total response to the tilt is in phase with the
linear component of response to tilt; therefore the pre-
ferred motion is φ = 0◦ because φ = 0◦ causes the lin-
ear response to translation to add to the total (in phase
with linear) response to tilt. For R > (g/a) sin(a/ω2)

and α − λ = 180◦, the unit has greater response to the
angular than to the linear acceleration of the tilt, the
linear response to tilt is then subtracted from the angu-
lar response, so the total response to the tilt is in phase
with the angular component of response to tilt; there-
fore the preferred motion is φ = 180◦ because φ = 180◦
causes the linear response to translation and the total
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Fig. 5 a Dependence of preferred motion, φ, on the response
parameters L, λ, A, and α, at 0.5 Hz. Equations (20) and (21)
define this surface, with a = 5.17 (= π3/6) rad/s2 used in the
present graph. There is a singularity at (R, α − λ) = (0.95, 180◦),
for which the expressions for both sin φ and cos φ give 0/0, because
there is no preferred motion for such a neuron. b Tuning curves
for five example neurons, as given by Eq. (8). Response amplitude
is displayed here using parameters a = � = 5.17 (= π3/6), and
parameters for neurons. B: A = 1, L = 1, α − λ = 0◦; C: A = 0.9,
L = 1.1, α − λ = −110◦; D: A = 1.1, L = 0.8, α − λ = 90◦; E:
A = 0.1, L = 0.8, α − λ = −160◦; F: A = 1.2, L = 1, α − λ = 170◦

(in phase with angular) response to tilt to work in the
same direction because α − λ = 180◦.

Also notable are nonconvergent units. By the analy-
sis following (17), a tilt-only unit, with L = 0, does not
have a preferred motion. However, a unit with A = 0
has a preferred motion: the hilltop motion (φ = 0◦).

The above results show that almost every unit has
a preferred motion. The only exceptions are tilt-only
and translation-only units, which respond with constant
amplitude across the range of motions, i.e. across the
range of φ’s for fixed � and a.
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Also seen from Fig. 5a is that every motion can have
a unit with that preferred motion. In fact, for any given
motion, φ, there are infinitely many combinations of
parameters, L, λ, A, α, for a unit with that preferred
motion. However, there is an asymmetry and a disconti-
nuity. For motions closer to the swing motion (φ = 180◦)
than to the hilltop motion (φ = 0◦), the ratio R = A/L
is required to be greater than (g/a) sin(a/ω2). In particu-
lar, for R < (g/a) sin(a/ω2), the only possible preferred
motions have |φ| < 90◦, but for R > (g/a) sin(a/ω2),
every preferred motion is possible. When R = (g/a)

sin(a/ω2), every preferred motion is possible except the
exact swing motion.

5 Phase of response

It has been asked whether a single neuron can identify
a specific motion, or if not, whether a pair of neurons
can identify a motion (Holly et al. 1999). For combined
yaw–translation motions, the answers were that a single
neuron cannot identify a motion in terms of φ when the
total motion amplitude is unknown, but that a pair of
neurons can identify a motion in terms of φ by using
the neurons’ relative phase of response, even when the
total motion amplitude is unknown (Holly et al. 1999).
For the present motions that involve gravity, the same
questions can be asked about how the nervous system
can identify motions.

The answer to the first question, whether a single neu-
ron can code for a motion, e.g. its preferred motion, is
again, “No.” If the total motion amplitude is unknown,
then a neuron’s response of large amplitude, for exam-
ple, could indicate that the motion is the preferred mo-
tion (i.e. the preferred φ) or is a different motion (a
different φ) but at greater amplitude. Furthermore,
phase cannot be used to indicate a preferred motion,
because a single neuron has no reference relative to
which to determine a phase.

However, phase information is available with a pair
of neurons, leading to the question of whether the rel-
ative phase of two neuron responses could be used to
identify a given motion (i.e. a given φ). For a neuron with
parameters L, λ, A, and α, the phase of response is given
by (9) and (10). Noting that sin(γ −λ) = sin(γ ) cos(λ)−
sin(λ) cos(γ ), cos(γ − λ) = cos(γ ) cos(λ) + sin(γ ) sin(λ),
and letting

R = A/L again and

U = T/L

= [
�2 + (g sin(a/ω2))2 + (Ra)2

+2�g sin(a/ω2) cos(φ)

+2�Ra cos(φ − (α − λ))

+2g sin(a/ω2)Ra cos(α − λ)
]1/2, (24)

(9) and (10) lead, after simplification, to

sin(γ − λ) = (g sin(a/ω2) sin(−φ)

+Ra sin(−φ + (α − λ)))/U (25)

cos(γ − λ) = (� + g sin(a/ω2) cos(−φ)

+Ra cos(−φ + (α − λ)))/U, (26)

In this modified form of the equation for phase, γ , of
the neuron’s response as a function of the motion φ, it
is possible to see that γ depends on the ratio R of the
amplitudes of the neuron’s response to the angular and
linear components of motion, and that the shape of the γ

curve depends on R and on (α −λ), not on α and λ inde-
pendently, though the curve may be shifted depending
on γ .

The resulting family of motion–phase curves (Fig. 6)
contrasts with that for combined yaw–translation
motions (Holly et al. 1999) in the sense that the shapes of
motion–phase curves here for combined tilt–translation
depend on two parameters, R and (α − λ), rather than
just one, R. This additional dependence arises from the
fact that linear acceleration comes from both the trans-
lational and the tilt components of motion.

On the other hand, the family of motion–phase curves
for combined tilt–translation turns out to have funda-
mental properties similar to those for combined yaw–
translation motions. In particular, certain combinations
of neuron parameters, L, λ, A, and α give a response
phase γ that shifts across the entire 360◦ range as the
motion, φ, changes, while other combinations of param-
eters give a response phase γ that shifts only within a
given range as the motion, φ, changes. The curves span-
ning the 360◦ range on the graph will be called “diago-
nal”, and the curves shifting only within a given range
will be called “horizontal”.

The result is that, “Yes,” a pair of neurons can code
for a particular motion by the relative phase of response.
In particular, the intersection of motion–phase curves
for two neurons indicates a motion for which those two
neurons respond in phase. Because both diagonal and
horizontal motion–phase curves exist, it is possible to
have two curves – a diagonal and a horizontal – that
intersect at only one point. That intersection will be the
single motion, φ, for which the two neurons respond in
phase.

Tilt-only and translation-only neurons have straight
motion–phase curves (Fig. 6d), which can also inter-
sect, identifying a motion that combines tilt and trans-
lation. Tilt-only neurons respond in phase with the tilt
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Fig. 6 Example motion–phase curves indicating phase, γ , of neu-
ron response arising from the various motions, φ, for different
values of the parameters L, λ, A, and α. Used in all graphs are
motion frequency 0.5 Hz and motion amplitudes 30◦ and 0.5 m. a
For a fixed value of α−λ = 120◦, a comparison of the curves when
λ = 0◦ (so α = 120◦), as shown by the solid curves, and the curves
when λ = 90◦ (so α = 210◦), as shown by the dashed curves. The
seven curves for each are for R = 0.25, 0.5, 0.75, 1.0, 1.5, 2.0, 4.0,
in order beginning with a thick curve for R = 0.25. The dashed
curves are a vertical translation of the solid curves, demonstrat-
ing the fact that the shape of motion-phase curves depends on
(α − λ) rather than on λ and α independently. b For another
combination, λ = 0 with α = −90◦, the range of motion–phase
curves for the same seven values of R as in (a), with the thick

curve again for R = 0.25. The range of shapes of these motion–
phase curves is somewhat different from that in (a), because the
value of (α − λ) (= −90◦) is different. In this case, all motion–
phase curves span the −180◦ to 180◦ range in γ . c For yet another
combination, λ = 0 with α = 180◦, the range of motion–phase
curves for the same values of R as in (a), with the thick curve for
R = 0.25. For only R = 2 and R = 4 do the motion–phase curves
span the full range −180◦ to 180◦ in γ . d Motion–phase curves
for tilt-only and translation-only neurons. Tilt-only neurons have
diagonal curves, with α = −45◦, 60◦, 120◦, shown as thin, medium,
and thick lines, respectively. Translation-only neurons have hor-
izontal curves, with λ = −45◦, 60◦, 120◦, shown as thin, medium,
and thick lines, respectively

component of motion, giving a diagonal motion–phase
curve with shift depending on α. Translation-only neu-
rons respond in phase with the translation component
of motion, giving a horizontal motion–phase curve with
shift depending on λ. A motion could be identified by the
intersection of the motion–phase curves for a tilt-only
neuron and a translation-only neuron. In fact, for iden-
tifying the various motions, i.e. the various φ, it
suffices to have just tilt-only and translation-only neu-
rons, because these neurons can come in pairs
that identify any motion by in-phase response of that
particular pair of tilt-only neuron and translation-only
neuron.

6 Application to simulated data

To investigate implications for the range of convergence
in the vestibular nuclei, parameters for 20 hypothetical
neurons were chosen randomly and independently us-
ing known experimentally determined ranges for neu-
rons receiving both linear and angular input (Dickman
and Angelaki 2002). In particular, the response phases
to angular motion were chosen in the ranges −120◦ to
−30◦ (relative to angular acceleration) for ten hypothet-
ical neurons, and 60◦–150◦ for the other ten neurons,
while the response phases to linear motion were cho-
sen across the −180◦ to 180◦ range. Because only the
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ratio A/L, not the independent values of L and A, is
relevant for total response phase, each was chosen ran-
domly with arbitrary units in a range 1.0–15.0, using
a uniform distribution on a log scale, for each neu-
ron. In practice, similar-sized neuron responses arise
from linear motion on the order of cm/s2 and angu-
lar motion on the order of ◦/s2 (Dickman and Angelaki
2002; Daunton and Melvill Jones 1982; Melvill Jones and
Milsum 1969).

The resulting set of motion–phase curves (Fig. 7) dif-
fers from the set of motion–phase curves for simulated
data in the case of combined yaw–translation motion
(Fig. 9b in Holly et al. 1999). The main difference is
that the current tilt–translation motion–phase curves
more uniformly span the φ-γ plane, whereas the yaw–
translation motion–phase curves concentrated in two
main diagonal strips. The reason for the current wider
span is that there is more variety in preferred motion
pairs (φ, γ ) due to the involvement of gravity in (20)
and (21). For yaw–translation, preferred motions were
given by φ = α − λ resulting in a simpler diagonal
pattern.

However, for both yaw–translation and tilt–transla-
tion, there are motion–phase curves with a diagonal
trend, spanning the entire −180◦ to 180◦ range of
responses, γ , and motion–phase curves that do not span
the entire range, but that vary up and down within a
restricted γ range. In addition, there are once again both
shallow and steep intersections between motion–phase
curves, representing less-robust and more-robust iden-
tification of a particular motion by in-phase response of
two neurons.

In addition, neurons that are basically translation-
only units have arisen within the simulated data set
through random selection of parameters (Fig. 7). (Also,
tilt-only units would arise naturally as those that respond
to angular but not to linear motion.) While the transla-
tion-only units do not have exact values matching those
in (12) and (13), of course, they respond to translation
but negligibly to tilt. The unit with the most horizontal
curve is the most translation-only. This unit has parame-
ters L = 3.5, λ = 119◦, A = 3.3, α = −59◦, and responds
to translation with amplitude 3.5 but tilt with amplitude
only 0.6.

In summary, the ability of a neuron population to
distinguish motions by relative phase of response is
just as strong during tilt–translation motions as dur-
ing yaw–translation motions, despite the addition of
gravity in combined tilt–translation motions, and with
the more complicated form of the resulting total re-
sponses by neurons during combined tilt–translation
motions.

7 Discussion

The present results demonstrate that the complicating
factor of gravity during tilt can affect individual cen-
tral neurons’ responses during tilt, but need not detract
from the range of neuronal responses and the availabil-
ity to the nervous system of activity patterns that dis-
tinguish among the variety of combined tilt–translation
motions. In particular, convergent neurons within the
vestibular nuclei can distinguish between tilt and transla-
tion. Investigated here are simulated units with response
properties mirroring neurons’ responses to linear and
angular motion. Shown is that each convergent unit has
a preferred motion among the range of motions consist-
ing of a tilt and a translation component of fixed ampli-
tude and frequency. If the amplitude of the motion is not
fixed, the existence of preferred motions does not suffice
for the nervous system to identify specific motions; how-
ever, response phases of units can be used to identify
motions. In particular, there are pairs of units for which
in-phase response modulation occurs for one specific
motion but not for other motions. Because of this, a
specific motion can be identified by in-phase modula-
tion of the pair. These results about preferred motions
of units and in-phase firing-rate modulation of pairs are
analogous to results for yaw–translation motions. How-
ever, the presence of gravity modifies the details of the
results. An additional question also arises, about the
possibility of both tilt-only and translation-only units.
A tilt-only unit is possible easily by responding only to
angular motion, but a translation-only unit requires con-
vergence, and is shown here to be possible and robust for
a range of motion amplitudes. Another effect of grav-
ity is an asymmetry that restricts the parameters for
neurons to have preferred motions close to the swing
motion. In addition, with gravity, motion–phase curves
are more complicated, showing neuron response phase
across the range of motions. Nevertheless, the pattern
of motion–phase curves has fundamental similarities to
that for yaw–translation motion, so the nervous system
still has available the convenient wide range of central
responses.

The importance of a variety of central neuron re-
sponses is confirmed, consistent with other work (Holly
and McCollum 1998; Holly et al. 1999). A motion can
be identified, for example, by comparison of two seem-
ingly-similar neuron responses, if the responses arise
from slightly different parameter values. Fortunately,
current experimental research increasingly recognizes
how crucial individual data are, over averaged data,
for understanding the nervous system. Indeed the dis-
play of a full range of neuron responses to tilt and
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Fig. 7 Motion–phase curves showing neuron response phase, γ ,
to motions, φ, for 20 hypothetical neurons. For each neuron, the
point (φ, γ ) of the preferred motion φ and its associated response
phase γ is indicated by a diamond on the neuron’s motion–
phase curve. Response parameter values were generated ran-
domly based upon experimentally determined ranges as explained
in the text. The sets of values were as follows, with λ and α given
in degrees:

L=9.4, 1.6, 2.9, 4.1, 7.0, 4.7, 3.5, 3.3, 1.3, 3.3, 2.7, 2.3, 10.0, 7.8, 13.1,
4.5, 1.0, 5.0, 9.1, 14.1; λ = 147, 35, –62, –8, 35,–122, 119, 164, 34,–
170, 112, 40, 73, –147, –27, –45, –120, 120, 122, –17; A=2.2, 2.9, 3.9,
7.1, 2.3, 1.4, 3.3, 3.5, 1.0, 6.0, 7.1, 2.1, 2.0, 6.8, 8.4, 14.4, 3.6, 11.5,
3.4, 8.8; α=–110, –60, –87, –107, –69, –46, –59, –30, –33,–115, 92,
109, 84, 114, 64, 111, 123, 147, 128, 127. The values were matched
term-by-term to make 20 hypothetical neurons with parameters
L, λ, A, and α chosen independently

translation (Angelaki and Dickman 2003; Angelaki et
al. 2004; Dickman and Angelaki 2002) shows the vari-
ety, and presumably the importance of the variety, in the
nervous system. The present study has thus made use of
known ranges of parameters during response to angular
and linear motion.

One intriguing result from the present study is that
tilt-only and translation-only units are sufficient, with-
out any other convergent neuron types, for identification
of any particular motion. In other words, any given com-
bined tilt–translation motion can be identified through
the in-phase firing-rate modulation of a selected pair
of tilt-only and translation-only units. This result dem-
onstrates the power of even a small variety of response
types. Of course, the nervous system contains other types
of neurons as well (Dickman and Angelaki 2002), and
the present research shows that this wider variety makes
available a larger range of types of motion–phase curves,
i.e. a larger range of possible phase shift patterns through

the set of combined tilt–translation motions. In fact, the
wide range of responses is desirable for an additional
biological reason: noise. Because of biological noise, it
is likely that the nervous system enhances the identifica-
tion of tilt–translation motions by population methods
(reviewed in Averbeck et al. 2006; Pouget et al. 2003),
using the pairwise technique discussed here as a foun-
dation.

The present results complement three-dimensional
motion research that uses models with mathematical
operations such as the cross product for processing of
motion information (e.g. Angelaki et al. 1999; Droulez
and Darlot 1989; Glasauer 1993; Green and Angelaki
2004, Holly 2000; Kushiro et al. 2002; Merfeld et al.
1993; Merfeld and Zupan 2002; Mergner and Glasauer
1999; Ormsby and Young 1977), where the neural mech-
anisms for the mathematical operations are not under
study (except to a certain extent in Green and Angelaki
(2004), as discussed in Sect. 1). In the present research,
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the focus is on a specific set of motions and the mecha-
nism for their identification. The results relate directly
to individual neuron responses, and form a foundation
from which to expand to motions with more degrees
of freedom, where operations such as the cross product
come into play.

The general conclusions of the present research apply
also to motions that are not sinusoidal, because
responses to non-sinusoidal driving functions are closely
related to responses to sinusoids if the system is lin-
ear (regardless of whether first-order or higher) or even
nonlinear under reasonable assumptions. As a concrete
intuitive example, a unit with a short phase lag during
sinusoidal motion will have a fast response (technically, a
short time constant) to a step function, i.e. to the sudden
start of a motion. Conversely, a unit with a long-phase
lag during sinusoidal motion will have a slower “ramp-
up” of response to a step function; intuitively, this unit’s
response has more inertia, and lags motions more, in
general. This idea could also be stated technically in
terms of Laplace transforms, and the present research’s
result of two neurons’ in-phase modulation during sinu-
soidal motions would correspond to a result of the two
neurons’ equal response speed (equal time constants)
to step motions, equal response decay speed to impulse
motions, etc. Of course, further research would be re-
quired to fully analyze non-sinusoidal motions, but the
general ideas presented in the current research give a
starting point. It is worth noting for all of these types
of motion that the identification of a specific motion
uses comparison of neuron responses over time, e.g. in
their phase or speed; indeed, the type of motion itself is
defined by its change over time, e.g. in its angular-versus-
linear phase, so any method of identification requires a
time-related observation, as in the present results.

All of the results hold for both linear and nonlin-
ear summation of responses to individual components
of the motion. However, nonlinear summation may be
physiologically more complicated than the component-
dependent scaling used here. Further research would be
required to fine-tune these nonlinear summations, espe-
cially for phase dependence. Nevertheless, the present
method lends itself well to other types of nonlinear sum-
mation, and the forms of the equations and outcomes
make it likely that the fundamental results hold regard-
less of variations in the method of nonlinear summation.
For yaw and interaural translation summation, topolog-
ical methods were used to demonstrate the nonlinear
generality of the result (Holly et al. 1999). The pres-
ent results indicate, as does previous work (Holly and
McCollum 1998; Holly et al. 1999) that the important
factor in identifying and distinguishing motions is the

phase, rather than absolute properties of each individ-
ual firing pattern.

Sensory information is transformed to the appro-
priate center of reference within the vestibular nuclei
(Boyle 2001; Boyle et al. 1996, 2004; Gdowski et al.
2000; Gdowski and McCrea 1999; McCrea et al. 1999;
Roy and Cullen 2001, 2004). Similarly, along the pos-
tural pathways to muscle activation, it is expected that at
each step the neuronal population will form a movement
space appropriate to its particular task. The present re-
sults, along with previous ones (Holly and McCollum
1998; Holly et al. 1999), demonstrate that convergence
within a neuronal population gives rise to a novel set
of phenomena in a different movement space: preferred
motions and motions distinguished by phase relations in
a space specified by motion phase. Phase remains impor-
tant along these pathways, as demonstrated by the abil-
ity of sensory stimuli to give rise to oscillatory postural
states (Keshner et al. 2004).

For motions that are more complicated than those
typically studied experimentally, the present methods
allow the analysis of convergence and its significance for
the nervous system. Ultimately, natural motions such as
those problematic for vestibular patients are of interest.
Increasingly shown to be important is the recognition
and investigation of the variety of neuron responses,
and their significance within the nervous system for dis-
tinguishing among the range of possible head motions,
especially when tilt induces a gravity-induced detected
linear acceleration.
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Appendix A

This appendix shows that for a fixed angle θ with |θ | ≤
π/2, the following approximation holds: as functions
of x:

sin(θ sin(x)) ≈ sin(θ) sin(x). (27)

This approximation can be seen graphically (Fig. 8).
For θ ≤ π/2, the function sin(θ sin(x)) has maximum
and minimum values matching those of the function
sin(θ) sin(x), but for θ > π/2, the function sin(θ sin(x))

has two peaks around each peak of sin(θ) sin(x), and two
valleys around each valley of sin(θ) sin(x).
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Fig. 8 Graphical demonstration that sin(θ sin(x)) ≈ sin(θ) sin(x).
The dashed curve shows the exact values of sin(θ) sin(x). The solid
curves show the approximation sin(θ sin(x)) for various values of θ .
For small values, e.g. ≤ π/3 as used in this paper, the approx-
imation is very close. In the extreme, as θ approaches π/2, the
approximation is still relatively good, but becomes less close

Analytically, the approximation can be proved as fol-
lows. Consider the “error” function

E(x) = | sin(θ sin(x)) − sin(θ) sin(x)|. (28)

Only the values 0 ≤ x ≤ π need to be investigated, by
symmetry. The absolute value signs may be dropped for
0 ≤ x ≤ π because sin(θ sin(x)) ≥ sin(θ) sin(x) there
(e.g. see Fig. 8).

The goal is to find the maximum value of

E(x) = sin(θ sin(x)) − sin(θ) sin(x) on 0 ≤ x ≤ π

(29)

Setting the derivative equal to zero,

E′(x) = cos(x) (θ cos(θ sin(x)) − sin(θ)) = 0, (30)

results in either cos(x) = 0, which gives the minimum
(E(x) = 0), or

x = sin−1
(

1
θ

cos−1
(

sin(θ)

θ

))
(31)

which gives the maximum value of E(x) by substituting
the result into (29). Most relevant is the maximum error
relative to the amplitude, sin(θ) of the sine wave; the
value of this maximum error is computed by dividing
the maximum value of E(x) by sin(θ):

maximum error relative to amplitude of sine

= max E(x)

sin(θ)

= 1
sin(θ)

sin

(
cos−1

(
sin(θ)

θ

))

−1
θ

cos−1
(

sin(θ)

θ

)
. (32)

This maximum error increases as a function of θ (evi-
dent in Fig. 8), and at most, the maximum error is 0.2105,
which occurs when θ = π/2. For small θ , the error is
small; for example, at θ = π/6 (= 30◦), which is a typ-
ical angle for the computations in the present paper,
this maximum error is 0.0181, an error of less than 2%
relative to the amplitude of the sine wave.

Appendix B

It is known that the sum of sines at the same frequency
but with possibly different phase shifts is a sine at that
frequency. This appendix contains a derivation for two
or three sines.

Consider a function f that is the sum of two sines at
the same frequency ω,

f (ω) = B sin(ω + β) + C sin(ω + γ )

= B sin ω cos β + B cos ω sin β

+C sin ω cos γ + C cos ω sin γ

= sin ω (B cos β + C cos γ )

+ cos ω (B sin β + C sin γ ) . (33)

Let S and σ be such that

S sin σ = B sin β + C sin γ and (34)

S cos σ = B cos β + C cos γ (35)

by letting

S =
(

B2 + C2 + 2BC cos(β − γ )
)1/2

(36)

because S must equal (S2 sin2 σ + S2 cos2 σ)1/2, and let-
ting σ be the angle such that

sin σ = (B sin β + C sin γ )/S and (37)

cos σ = (B cos β + C cos γ )/S, (38)

noting that there is such an angle σ because the sum
of the squares of these two expressions is equal to one.
With this S and σ , the function f can be written

f (ω) = (sin ω)(S cos σ) + (cos γ )(S sin σ)

= S sin(ω + σ) (39)
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In summary,

B sin(ω + β) + C sin(ω + γ ) = S sin(ω + σ) (40)

with amplitude S and phase shift σ given by (36), (37)
and (38).

Next, consider a function g that is the sum of three
sines,

g(ω) = B sin(ω + β) + C sin(ω + γ ) + D sin(ω + δ)

= sin ω (B cos β + C cos γ + D cos δ)

+ cos ω (B sin β + C sin γ + D sin δ) (41)

Following the analogous procedure as for f (ω) above,
let T and τ be defined by

T = (B2 + C2 + D2 + 2BC cos(β − γ )

+2BD cos(β − δ) + 2CD cos(γ − δ))1/2 (42)

sin τ = (B sin β + C sin γ + D sin δ)/T (43)

cos τ = (B cos β + C cos γ + D cos δ)/T, (44)

which allows g to be written

g(ω) = sin ω(T cos τ) + cos γ (T sin τ)

= T sin(ω + τ). (45)

In summary,

B sin(ω+β)+C sin(ω+γ )+D sin(ω+δ) = T sin(ω+τ)

(46)

with amplitude T and phase shift τ given by (42), (43)
and (44).
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