
CHAPTER 3

Logic

Key Terms

• statement, predicate, free variable

• existential and universal quantifiers

• negation, conjunction, disjunction

• implication, hypothesis, conclusion, contrapositive, converse,
equivalent statements

• Russell’s paradox

“Logic inquires into the form of thought, as separable from and in-
dependent of the matter thought on.”

- Augustus De Morgan [22]

In the previous chapter we encountered some of the basic structures of mathe-
matics: sets, the natural numbers, groups, metric spaces, and graphs. As we be-
gan to explore those structures, we encountered words like “unique” and phrases
like “if . . . then . . ..” Before we can go any further in our explorations, we need to
set out the basic elements constituting a logical argument. In this chapter we
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briefly summarize the essential concepts from logic that we need. In the inter-
ests of clarity for the beginning mathematician, we do not give completely thor-
ough definitions.

3.1 Statements, predicates, and quantifiers

“To put this idle time to use and at the same time to occupy faculty
members who were themselves idle, many of the troops were sent to
colleges ... One day, one of them had a question: ‘I don’t understand
what x is.’ The question was far more profound than he suspected,
but I did not attempt to explain why.”

-André Weil1, describing teaching elementary mathematics in the
U.S. in 1943-44.[90]

3.1.1A statement is a sentence that is unambiguously true or false but not both. A free
variable is a symbol that can take on different meanings (usually representing
the possible elements of a particular specified set). If we remove ambiguity from
the free variable by saying exactly what it is, we say that we specify or bind the
free variable. A sentence with free variables that becomes a statement once the
free variables are bound is called a predicate or conditional statement.

3.1.23.1.2 Example œ (Examples of Statements and Predicates)

The sentence “Colby College is an academic institution.” is a statement
(subject to some potential minor ambiguity about what the words “aca-
demic” or “institution” mean). The sentence “Colby is a boy” is a predi-
cate since there are many people named Colby. However, if the speaker
has a particular person named Colby in mind, then the variable “Colby”
is bound to that individual.

The sentence “The number 5 is even” is a statement. The sentence “The
number x is even” is a predicate.

The sentence “The number 17 is ugly” is not a statement or a predicate
since “ugly” is ambiguous.

3.1.2
1André Weil (1906-1998) was one of the most influential mathematicians of the twentieth cen-

try. Weil himself went to great lengths to avoid serving in the military during the war, so his disdain
for teaching those who did sits poorly. His sister Simone Weil was a well-known philosopher and
mystic.
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If x is a free variable, then we can denote a predicate with free variable x by
writing P (x) (or Q(x), etc.). Apart from specifying a particular value for a free
variable, there are two other common ways of binding a free variable: the uni-
versal quantifier 8 (pronounced “for all”) and the existential quantifier 9 (pro-
nounced “there exists”). If P (x) is predicate, then “8x, P (x)” is the statement
that, no matter how we bind x, the statement P (x) is true. If P (x) is a predicate,
then “9x such that P (x)” is the statement that there is some x such that P (x) is
true.

3.1.33.1.3 Example œ (Universal and Existential Quantifiers)

The statement: “For all real numbers x, x2 ∏ 0” is a true statement which
contains the universal quantifier. We can rephrase it by saying “For every
real number x, x2 ∏ 0.”

The statement: “There is a real number x, such that x2 = 0” is a true
statement which contains the existential quantifier. We can rephrase it
as: “Some real number x has the property that x2 = 0”.

The statement: “Every natural number is the sum of three prime num-
bers” is a statement which contains the universal quantifier. It is false,
since the number n = 1 is a natural number which is not the sum of three
prime numbers.

The statement: “Some natural number n has the property that n2 < 0” is
a statement with an existential quantifier. It is false, since every natural
number n has the property that n2 ∏ 0.

3.2 Conjunctions, and Disjunctions

“Now logic while it is the science of reasoning in general is in a more
especial sense the science of reasoning by signs. It investigates the
forms and expressions to which correct reasoning may be reduced
and the laws upon which it is founded.”

- George Boole1, [14]

Given one or more statements, we can combine them to create new statements.

1George Boole (1815-1864) studied the nature of logic and developed analogies with arithmetic.
His work forms the basis of the theory underlying electronic circuits, such as those in computers.
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• If P and Q are statements, the statement P ^Q (read P and Q) is the state-
ment which is true exactly when both P and Q are true. (This is called the
conjunction of P and Q)

• If P and Q are statements, the statement P _Q (read P or Q) is the state-
ment which is true exactly when at least one and possibly both of P and Q
are true. (This is called the disjunction of P and Q.)

3.2.13.2.1 Example

Let P be the statement “Douglas Adams writes a book” and Q be the state-
ment “I eat lunch at the restaurant at the end of the universe.”

• The conjunction of P and Q is: “Douglas Adams writes a book and
I eat lunch at the restaurant at the end of the universe.”

• The disjunction of P and Q is: “Douglas Adams writes a book or I
each lunch at the restaurant at the end of the universe.”

3.2.23.2.2 Example

Let P be the statement “Some sperm whales eat giant squid” and let Q be
the statement “Some scientists eat giant squid.” Both P and Q are true
statements.

• Thus the conjunction P^Q, which is “Some sperm whales eat giant
squid and some scientists eat giant squid,” is a true statement.

• Also, the disjunction P _Q, which is “Some sperm whales eat giant
squid or some scientists eat giant squid,” is a true statement.

3.2.3 Example

Let P be the statement “Some tube worms live in environments toxic to
humans.” Let Q be the statement “The author of this textbook has eaten
a tube worm for breakfast.” The statement P is true while the statement
Q is false.

• The conjunction P ^Q is “Some tube worms live in environments
toxic to humans and the author of this textbook has eaten a tube
worm for breakfast.” It is a false statement since Q is false.
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3.2.3

• The disjunction P _Q is “Some tube worms live in environments
toxic to humans or the author of this textbook has eaten a tube
worm for breakfast.” It is a true statement since P is true.

3.2.43.2.4 Example

Let P be the statement “All porpoises live in an aquarium.” Let Q be the
statement “Porpoises write self-help books in English.” Both P and Q are
false.

• The conjunction P^Q is “All porpoises live in an aquarium and por-
poises write self-help books in English.” It is a false statement since
P is false. We could equally well say it is a false statement since Q is
false.

• The disjunction P _Q is “All porpoises live in an aquarium or por-
poises write self-help books in English.” It is also a false statement
since both P and Q are false.

We can summarize the relationship between the truth values of the original state-
ments and the truth values of the new statements in a table (called a truth table).
In a truth table we list all possible truth values of the original statements and
then deduce the corresponding truth values of the composite statements. Ob-
serve that no matter what the statements P and Q are the truth value of P^Q will
be the the same as the truth value of Q ^P and the truth value of P _Q will be
the same as the truth value of Q_P . This helps us be slightly more concise when
analyzing truth values. In the truth table below, we consider the combinations
of 3 statements, P , Q, and R.
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P T T T T F F F F
Q T T F F T T F F
R T F T F T F T F

P ^Q T T F F F F F F
P ^R T F T F F F F F
Q ^R
P _Q T T T T T T F F
P _R T T T T T F T F
Q _R

(P ^Q)_R
(P _R)^ (Q _R)

(P _Q)^R
(P ^R)_ (Q ^R)

3.2.53.2.5 Exercise

Fill in the missing spots in the truth table above.

In completing the previous exercise, you should have discovered that (P ^Q)_R
and (P _R)^ (Q _R) always have the same truth values as each other, no matter
what the truth values of P , Q, and R. We say that the statements (P ^Q)_R and
(P _R)^ (Q _R) are logically equivalent.

3.2.63.2.6 Exercise

In the previous truth table, find another pair of logically equivalent state-
ments.

3.2.7 Exercise

Determine the truth value of the following statements and give as com-
plete an explanation as you can for your answer.

1. °7 < 0 and 72 > 0.

2. °7 ∏ 0 or 72 ∑ 0.

3. For all real numbers x, °x < 0 and x2 > 0.

4. 7 < 0 or 72 > 0.
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3.2.7

5. For all real numbers x, x < 0 or x2 > 0.

6. There exists a real number x such that x < 0 and x2 > 0.

3.2.83.2.8 Exercise

Do the following two statements have the same truth values? Why or why
not? What does this say about the relationship between quantifiers and
conjunctions and disjunctions?

• There exists n 2N such that n is even and n is odd.

• There exists n 2 N such that n is even and there exists n 2 N such
that n is odd.

3.2.9 Warning

In the statement

• There exists n 2N such that n is even and there exists n 2N such that
n is odd.

the two occurences of n can refer to different numbers. It would be much
better to use different symbols to refer to them. Like so:

• There exists n 2 N such that n is even and there exists m 2 N such
that m is odd.

This will help ensure that if we use the statement later, we don’t get con-
fused and start working with some n that we believe to be both even and
odd.

3.2.103.2.10 Exercise

Do the following two statements have the same truth values? Why or why
not? What does this say about the relationship between quantifiers and
conjunctions and disjunctions?

• For every x 2R, x > 0 or x ∑ 0.

• For every x 2R, x > 0 or for every x 2R, x ∑ 0.
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We conclude with one other warning about the word “and.”

3.2.11 Warning œ English vs. Mathematese

Not every use of the word “and” indicates the conjunction of two state-
ments.

3.2.123.2.12 Example

Consider the statement:

• For every a, b, and c which are elements of R, a+b+c is an element
of R.

This statement can be rephrased as:

• For every a,b,c 2R, a +b + c is an element of R.

We can even rewrite it as:

• 8a,b,c 2R, a +b + c 2R.

Either of these ways of rewriting the original indicate that the “and”
was not signifying the conjunction of two statements. Furthermore, the
phrase “For every a, b” is not a statement nor is

“c 2R, a +b + c 2R.00

This is another indication that the “and” is not the conjunction of two
statements.

On the other hand, sometimes an “and” does indicate a conjunction, even if the
phrases to its left and right are not statements.

3.2.13 Example

Consider the statement (considering f to be some fixed function, not a
free variable):

• The function f is increasing and differentiable.

The word “differentiable” is not by itself a statement, so at first glance it
seems that the “and” does not indicate a conjunction. However, the state-
ment can be rephrased as:
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3.2.13

• The function f is increasing and the function f is differentiable,

which indicates that our original statement is the conjunction of two
other statements.

The previous two examples concern the relationship between the English word
“and” and the logical notion of “conjunction.” They show that thought is always
required when working mathematically or logically with statements phrased in
English. There is no hard-and-fast rule for determining when the English word
“and” indicates a conjunction, but the follow rules-of-thumb may help:

• Can the statement be rephrased without the use of “and”? If so, it might
not be a conjunction.

• Does the “and” show up after a quantifier, indicating the last item of a list?
If so, it might not be a conjunction.

• How would the statement be disproved? Consider the statement (where f
is some unspecified but fixed function):

– The function f is increasing and differentiable.

If f strictly decreases at some point, the statement would be false. If f is
not differentiable at some point, the statement would also be false. It could
be that f is both non-increasing and non-differentiable, in which case the
statement is also false. Since a conjunction P ^Q is false whenever at least
one of P or Q is false, this indicates that the “and” indicates a conjunction.

3.2.14 Exercise

Determine if the “and”s in the following statements indicate conjunc-
tions, determine the truth values of each statement, and give a reason
for your answer of “true” or “false.”

1. There exist real numbers x and y such that x2 + y2 = 0.

2. There exist x, y 2R such that x > 0 and x y ∑ 0.

3. 7 > 0, °3 < 0, and 7+ (°3) < 0.

4. There exist real numbers x and y such that x > 0, y < 0, and x+y < 0.
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3.2.14

5. For every choice of real numbers x and y such that x > 0 and y < 0,
we have x + y < 0.

3.3 Negations

“Question 1: Do you want to reject the parts of a new law that would
delay the use of ranked-choice voting in the election of candidates
for any state or federal office until 2022, and then retain the method
only if the constitution is amended by December 1, 2021, to allow
ranked-choice voting for candidates in state elections?”
-Ballot question in Maine on June 12, 2018 [3]

Negations of simple statements

If P is a statement, then the negation of P , denoted ¬P and pronounced “not P”,
is the statement with the opposite truth value of P .

3.3.13.3.1 Example

Let P be the statement:

• The Loch Ness Monster lives in the Mississippi River.

The statement ¬P is the statement:

• It is not the case that the Loch Ness Monster lives in the Mississippi
River.

We can rephrase ¬P slightly more helpfully as:

• The Loch Ness Monster does not live in the Mississippi River.

3.3.2 Exercise

Complete the following truth table:
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3.3.2

P T T F F
Q T F T F

¬P
¬Q

P ^Q T F F F
P _Q T T T F

¬(P ^Q)
¬(P _Q)

(¬P )^ (¬Q)
(¬P )_ (¬Q)

Negations of conjunctions and disjunctions

In many mathematical arguments, we need to be able to write the negation of
a statement in a useful way. For example, if we claim that it is not the case that
there exists an x such that x > 0 and x < 7, then we might do better to simply
claim that for every x, x ∑ 0 or x ∏ 7. We note the following:

• If P and Q are statements, then the statement “¬(P and Q)” is logically
equivalent to the statement “(¬P ) or (¬Q).”

• If P and Q are statements, then the statement “¬(P or Q)” is logically equiv-
alent to the statement “(¬P ) and (¬Q).”

In other words, negating a statement toggles the “and”s and “or”s. This should be
evident in your answers to Exercise 3.3.2. Generally, we will say that rephrasing
¬(P^Q) as (¬P )_(¬Q) is writing “the negation of P^Q as positively as possible.”
Likewise, rephrasing ¬(P _Q) as (¬P )^ (¬Q) is writing “the negation of P _Q as
positively as possible.”

3.3.3 Example

Consider the statement:

• R: 27 > 0 and the function f is increasing,

where f is some fixed function. Writing the negation as positively as pos-
sible we obtain:
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3.3.3

• ¬R: 27 ∑ 0 or the function f is non-increasing.

3.3.43.3.4 Exercise

Write the negations of the following statements as positively as possible.
You do not have to know what all the mathematical terms refer to.

1. 26 is positive and (°2,16) is in the first quadrant of the Cartesian
plane.

2. 6821 is prime or 6823 is composite.

3. The function f (x) = sin x has period º/2 and the function g (x) =
cos x has period 2º.

4. The function f (x) = x2 is concave up and increasing.

5. The unit disc is an open subset of the Cartesian plane or the unit
disc is compact.

6. The real numbers e, º, and
p

2 are irrational, but the real number
27/3 is rational.

7. (26 > 0 or 25 < 0) and
p

2 is rational.

Negations with quantifiers

While truth tables are helpful for analyzing the effect of negating conjunctions
and disjunctions, they do not do a great job capturing the effect of negating state-
ments with quantifiers. Nevertheless, some thought will show that negating also
toggles “there exists” with “for all.”

• If P (x) is a predicate, then ¬(8x,P (x)) is the statement 9x(¬P (x)).

• If P (x) is a predicate, then ¬(9x s.t. P (x)) is the statement 8x, (¬P (x)).
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3.3.5 Warning

In everyday speech, people are often sloppy with the placement of the
word “not” with respect to quantifiers. Consider the following two state-
ments:

• All rectangles are not squares.

• Not all rectangles are squares.

The first statement is false because some rectangles are squares. The sec-
ond statement is equivalent to the statement “There exists a rectangle that
is not a square.” It is a true statement.

3.3.63.3.6 Example

Let P be the statement

• Every real number x is positive.

The statement ¬P is:

• Some real number x is not positive.

3.3.73.3.7 Example

Let P be the statement

• There is a prime number larger than 20000.

The statement ¬P is:

• All prime numbers are not larger than 20000.

3.3.8 Exercise

Negate the following statements, phrasing your answer as positively as
possible. Consider x to be some fixed element.

1. x 2 A and x 2 B

2. x 2 A or x 2 B
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3.3.8

3. For all A 2A , a 2 A.

4. There exists A 2A , such that a 2 A.

When negating a statement with multiple quantifiers, work from left to right,
toggling the quantifiers.

3.3.93.3.9 Example

Negate the statement:

“For every x 2 X there exists y 2 Y such that for all z 2 Z , |x y | < z.”

(Assume that X , Y , and Z are particular subsets of R.)
Solution:

“There exists x 2 X such that for all y 2 Y , there exists z 2 Z so that
|x y |∏ z.”

Notice that the words “such that” are attached to “there exists”; indeed you should
consider “there exists ... such that ...” to be one phrase. The words “for all” are
not paired with “such that”.

3.3.103.3.10 Example

Negate the statement:

“For every x > 0 there exists y < 0 such that for all z > 0, |x y | < z.”

Solution:

“There exists x > 0 such that for all y < 0, there exists z > 0 so that
|x y |∏ z.”

3.3.11 Warning

When you negate a statement with a quantifier, the kind of object being
quantified does not change. In the solution to Example 3.3.9, the element
x is still an element of X ; the element y is still an element of Y ; and the
element z is still an element of Z . Likewise, in the solution to Example
3.3.10, we still have x > 0, y < 0 and z > 0.
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When negating compound statements, work from the outside to the inside. Here
are two examples involving both quantifiers and conjunctions and disjunctions.

3.3.123.3.12 Example

Negate the statement:

“For every x 2 X , there exists y 2 Y such that x y = 0 and there exists a 2 X
such that a2 > 100.”

Of course, simply prefacing the previous statement with the words “It is
not the case that”, gives a valid negation. To get something more useful,
however, we progress in stages:

First attempt: We observe that the given statement is of the form P ^Q
where P is the statement:

P : “For every x 2 X , there exists y 2 Y such that x y = 0”

and Q is the statement:

Q: “There exists a 2 X such that a2 > 100.”

Since the negation of P ^Q is ¬P _¬Q, we arrive at:

”(It is not the case that for every x 2 X , there exists y 2 Y such that
x y = 0) or (it is not the case that there exists a 2 X such that a2 > 100.)”

Of course, the sentence is unwieldy, so we improve it by writing more use-
ful negations of P and Q.

Second attempt:

“There exists x 2 X such that for all y 2 Y , x y 6= 0 or for all a 2 X ,
a2 ∑ 100.”

We can improve the readability by signalling to the reader at the begin-
ning of the sentence that there will be an “or” later on. Making it read a
little more naturally in English, we end up with:

“Either there is x 2 X such that for every y 2 Y , x y 6= 0 or a2 ∑ 100, for
every a 2 X .”
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3.3.133.3.13 Example

Negate the statement:

“Either there exists n,m 2N such that n +m = 1000 or 1
n < 15 for every

n 2N; additionally for every n 2N, n2 < 0.”

Solution: The given statement is somewhat convoluted. To clarify the
logical structure, we write it using logical symbols. The given statement is
then:

“
≥

(9 n,m 2N,n +m = 1000)_ (8n 2N, 1
n < 15)

¥

^
≥

8n 2N,n2 < 0
¥

.”

Negating, using logical symbols, we arrive at:

“
≥

(8 n,m 2N,n +m 6= 1000)^ (9n 2N, 1
n ∏ 15)

¥

_
≥

9n 2N,n2 ∏ 0
¥

.”

Translating back into English, we arrive at:

“Either, for every n,m 2N, n +m is not equal to 1000 and there is some
n 2 N such that 1

n ∏ 15, or there is some n 2 N such that n2 is at least 0.”

which is unwieldy, but understandable.

3.3.143.3.14 Example

The point of this example is that when checking if an “and” is joining two
statements, you may need to think about how the English sentence can
be reworded to make it plain that an “and” is a conjunction. Consider:

“Some increasing function is continuous and differentiable.”

Obviously, the word “differentiable” is not, by itself a statement, but the
statement can be reworded to make its logical structure plain:

“There exists an increasing function f such that f is continuous and f is
differentiable”.

The negation of the statement is, therefore,

“For every increasing function f , either f is not continuous or f is not
differentiable.
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3.3.153.3.15 Exercise

Negate the following statements:

1. For all x 2 X , there exists H 2H , such that x 2 H .

2. For all x 2 X and for all H 2H , we have x 2 H .

3. There exists x 2 X such that for all H 2H , x 2 H .

4. There exists x 2 X and there exists H 2H , such that x 2 H .

3.4 Implications

“While the contemplative trend of logical analysis does not repre-
sent all of mathematics, it has led to a more profound understanding
of mathematical facts and their interdependence, and to a clearer
comprehension of the essence of mathematical concepts.”

- Courant and Robbins, What is Mathematics? An elementary approach to ideas
and methods. [20]

Almost of all mathematics, both pure and applied, is about deducing the con-
sequences of certain assumptions. While investigating the consequences of cer-
tain assumptions, we work under the presumption that those assumptions are
true. If our work brings to light a consequence of our assumptions that is a false
statement, then we may conclude that at least one of our assumptions was false.
On the other hand, even if we deduce true statements, there is no guarantee that
the assumptions themselves were true. For example, suppose, using tremen-
dous feats of logic, we were able to deduce from the assumption “The moose
is the largest of all aquatic creatures” the statement “The moose is a mammal”.
Although we have reached a true conclusion, our assumption is still false. But
if we know that our assumption is true and that our assumption implies some
conclusion, then we may be certain that our conclusion is also true.

We formalize this process with the notion of an implication. Implications are an-
other way (besides conjunctions and disjunctions) of combining two statements
to create a third.
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Implications and their negations

• If P and Q are statements, the statement P ) Q (read P implies Q and
called an implication) is the statement that is false exactly when P is true
and Q is false. For the implication P )Q, the statement P is the hypothe-
sis and the statement Q is the conclusion.

• If P and Q are statements, the contrapositive of P )Q is ¬Q )¬P .

• If P and Q are statements, the converse of P )Q is Q ) P .

If P and Q are statements, there are a variety of ways of reading the implication
P )Q:

• P )Q can be read as “P implies Q.”

• P )Q can be read as “if P then Q.”

• P )Q can be read as “P only if Q.”

• P )Q can be read as “P is sufficient for Q.”

• P )Q can be read as “Q is necessary for P .”

3.4.13.4.1 Exercise

Complete the following truth table:

P T T F F
Q T F T F

¬P F F T T
¬Q F T F T

P )Q
Q ) P

¬Q )¬P
¬(P )Q)
P ^ (¬Q)

Observe that the last two lines of the previous truth table confirm that ¬(P )Q)
is logically equivalent to P ^(¬Q). In particular, the negation of an implication is
not an implication; it is a conjunction!
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3.4.23.4.2 Example

Let P be the statement “Douglas Adams writes a book” and Q be the state-
ment “I eat lunch at the restaurant at the end of the universe”.

• The implication P ) Q is: “If Douglas Adams writes a book, then I
eat lunch at the restaurant at the end of the universe.” or “Douglas
Adams writes a book only if I eat lunch at the restaurant at the end
of the universe.”

• The contrapositive of P ) Q is: “If I don’t each lunch at the end of
the universe then Douglas Adams doesn’t write a book.”

• The converse of P )Q is: “If I eat lunch at the restaurant at the end
of the universe, then Douglas Adams writes a book.”

• The negation of P )Q is: “Douglas Adams writes a book and I don’t
eat lunch at the restaurant at the end of the universe.”

3.4.33.4.3 Exercise

For each of the following implications, determine the truth value and
write the converse and the contrapositive.

1. If 20 > 0 then 32 +42 = 52.

2. If 20 < 0 then 32 +42 = 52.

3. If 20 > 0 then 32 +42 6= 52.

4. If 20 < 0 then 32 +42 6= 52.

3.4.4 Exercise

Determine the truth values of the following statements and write their
negations.

1. 27 > 0 implies 19 is odd.

2. The fact that the function f (x) = x is an increasing function implies
that g (x) = cos x is differentiable. (You may assume that f and g
are defined on all of R and have the well-known properties from
Calculus.)
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3.4.4

3. If the moon is made of green cheese then 19 is a prime number.

4. If 19 is a prime number then the moon is made of green cheese.

3.4.5 Warning œ Negating and Implication

Some people find the method for negating an implication to be counter-
intuitive. So we stress that the negation of an implication is not an impli-
cation, it is a conjunction.

Implications and predicates

In math, we often say things like: “If p is prime then p is odd” is a false statement.
And yet, at face-value this is a ludicrous thing to say, since the sentence:

“If p is prime then p is odd.”

is not a statement, but a predicate with a free variable p. If we specify that p = 3,
then it becomes a true statement and if we specify that p = 2 then the statement
is false. Thinking about normal usage, it becomes apparent that when the math-
ematician says

“If p is prime then p is odd.”

what she means is really something along the lines of:

“For every natural number p, if p is prime then p is odd.”

The statement is false, as p = 2 is a counterexample. We (as most mathemati-
cians) will thus make the following convention:
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3.4.6 Warning œ Predicates and Implications

If P and Q are predicates, then P )Q is, by convention, the statement ob-
tained by using the universal quantifier to bind all the variables of P and Q.
That is, P (x) )Q(x) means 8x,P (x) )Q(x). For example, (x ∏ 0) ) (x3 ∏
0) is short hand for the statement

8x 2R, (x ∏ 0) ) (x3 ∏ 0)

which is true.
Consequently, the negation of an implication involving predicates will be
a conjunction containing an existential quantifier.

3.4.73.4.7 Example

The negation of the statement:

“If a fish lives in fresh-water, then it is a trout.”

is

“There is a fish that lives in fresh-water and is not a trout.”

3.4.83.4.8 Exercise

Write negations of the following implications. You do not need to know
what all the terms mean.

1. If f is an increasing function, then f is differentiable.

2. If x2 < 0, then x is not a real number.

3. If lines L and M are not parallel, then L and M intersect in exactly
one point or L = M .

4. If I Ω R is a closed and bounded interval, then every continuous
function f : I ! I has a fixed point.
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Implications and natural language

Example 3.4.7 is a good reminder that we use the language of implications fre-
quently in every-day speech1:

• “If I stay up late, then I fall asleep in class.”

• “If the earth is flat, then I am taking a math class.”

• “If I finish my homework, then I will call you.”

But as is always the case, we must be very careful when thinking about the re-
lationship between mathematics and natural world. In particular, the conven-
tions for handling implications in everyday language can be very different from
the conventions in logic. Take the previous three statements in turn.

• “If I stay up late, then I fall asleep in class.” This sentence in everday lan-
guage communicates a causal relationship between staying up late and
falling asleep in class. In mathematics and logic, however, the use of “if ...
then ...” is not intended to communicate a causal relationship, only a log-
ical one. Thus, a logician who ignores everyone else’s speech conventions,
would say that the statement “If I stay up late, then I fall asleep in class.” is
true even in the situation where she falls asleep in class whether or not she
stays up late. Similarly, she would admit “If I stay up late tomorrow night,
then I fell asleep in class yesterday.” as a valid statement which might be
true or might be false.

• “If the earth is flat, then I am taking a math class.” In everyday speech,
this sentence is close to nonsensical since the flatness (or not) of the earth
has nothing to do with whether or not I am taking a math class. A logi-
cian, however, would say that the statement is true (indeed vacuously true)
since the hypothesis is false and any implication with a false hypothesis is
a true statement.

• “If I finish my homework, then I will call you.” In addition to the issues
of causality and temporality mentioned in our first example, in everyday
speech, this statement might well be taken to also include the sentiment
that “If I don’t finish my homework, then I won’t call you.” That is, in ev-
eryday speech, implications stated in the form “P ) Q” are often under-
stood to be logical equivalences P , Q. Unfortunately, in mathematics,

1I am heavily indebted to the excellent article [28] for these observations.
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this convention has lingered in the way definitions are often presented.
For instance:

“We define q to be rational if there exists a 2Z and b 2N such that
q = a/b.”

What we mean to say, however, is:

“We define q to be rational if and only if there exists a 2Z and b 2N such
that q = a/b.

How to prove an implication is true

The next observation is helpful when it comes time to prove implications.

3.4.93.4.9 Example

Suppose that P and Q are statements. The statement “P )Q” is logically
equivalent to “¬P or Q.”

Proof. We can show that “P ) Q” and “¬P or Q”always have exactly
the same truth values by using a truth table where we list all the pos-
sible truth values for the two statements according to the truth values
of P and Q.

P T T F F
Q T F T F

P )Q
(¬P )_Q

Since the last two rows always take the same value, the two statements
are logically equivalent.

The fact that P ) Q is logically equivalent to (¬P ) _Q helps explain why the
negation of P )Q is P ^ (¬Q). Furthermore, if we want to show that P )Q, we
need only show that ¬P _Q. If ¬P is true, we are done, so it suffices to assume P
is true and show that from that assumption, we can deduce that Q is true. There
are, however, other ways of proving an implication. We will explore these in next
Chapter, but here is an example from Algebra to tide you over. See Figure 3.1 for
an example.
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Figure 3.1: Portions of two lines L1 and L2 in R2. Theorem 3.4.10 claims that
since the lines L1 and L2 have different slopes, they will intersect at a unique
point (x0, y0).

3.4.10 Theorem

Let m,b, a,c 2 R and let L1 be the line in R2 with the equation y = mx +b
and let L2 be the line inR2 with the equation y = ax+c. If a 6= m, then there
is a unique point (x0, y0) 2R2 belonging to both L1 and L2.

Proof. Assume that a 6= m. Let x0 = c°b
m°a and y0 = mc°ba

m°a . We claim that
(x0, y0) belongs to both L1 and L2.

To see that (x0, y0) 2 L1, observe:

mx0 +b = m(c°b)
m°a +b

= m(c°b)+b(m°a)
m°a

= mc°ba
m°a

= y0.

.

Since (x0, y0) satisfies the equation of L1, (x0, y0) 2 L1.
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To see that (x0, y0) 2 L2, observe:

ax0 + c = a(c°b)
m°a + c

= a(c°b)+c(m°a)
m°a

= °ab+cm
m°a

= y0.

.

Thus, (x0, y0) 2 L2.

Finally, we need to confirm that (x0, y0) is the unique point of R2 belonging to
both L1 and L2. To that end, assume (x, y) belongs to both L1 and L2. We will
show that (x, y) = (x0, y0).

h Do it! i

3.4.113.4.11 Exercise

Suppose that C1 is the circle with equation x2+ y2 = 1. Let C2 be the circle
with equation (x °a)2 + y2 = 1 for some a 2 R. Prove that if a 2 [0,1] then
there exists a point (x0, y0) belonging to both C1 and C2. For what values
of a 2 [0,1], is the point (x0, y0) unique?

Equivalent statements

3.4.1Previously we said that two statements P and Q were equivalent if they have the
same truth values. Another way of saying this is that P ) Q and Q ) P . We
combine this to say that P and Q are equivalent statements if P , Q. We can
read this as “P if and only if Q” or “P is necessary and sufficient for Q.” The
phrase “if and only if” is often abbreviated when writing as “iff.”

To prove that two statements P and Q are equivalent, we usually show that P )Q
and Q ) P .
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3.5 A remark on uniqueness

“The power which language gives us of generalizing our reasonings
concerning individuals by the aid of general terms, is no where more
eminent than in the mathematical sciences, nor is it carried to so
great an extent in any other part of human knowledge.”

-Charles Babbage1[10]

Finally, we observe that the uniqueness of a certain kind of a element in in a set
can be expressed in logical terms. Look back over the proof of Theorem 3.4.10
for an example of how this definition is used in proofs.

3.5.1 Definition œ unique

If X is a set and if a 2 X and if P (x) is a predicate, then to say that a is the
unique element of X satisfying P (x) means:

• P (a) is true, and

• If b 2 X and P (b) is true, then a = b.

The negation of the statement

Q: “x0 2 X is the unique element of X with property P”

(where x0 is some fixed element of X ) is thus

¬Q: “Either x0 does not have property P or there exists y0 2 X such that y0 has
property P and x0 6= y0.”

1Charles Babbage (1791-1871) is widely credited as the inventor of the computer, though he
never saw a working one built.
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3.6 Basic exercises in logic

“[W]hoever has attempted anything of this kind must be convinced,
how difficult it is to hit upon such a method as shall have sufficient
degree of perspicuity, and simplicity, omitting everything superflu-
ous, and yet retaining all that is useful and necessary...”

-Maria Agnesi1

We could spend a great deal of time discussing all the various ways of writing
and rewriting statements and predicates, but the best thing to do is to simply do
a number of practice problems and then trust your careful thinking and good
judgement when encountering new situations.

1. Show that if P (x) and Q(x) are predicates, then ¬(P (x) )Q(x)) is logically
equivalent to 9x s.t. P (x)^ (¬Q(x)).

2. Invent and write down three examples of implications from life outside of
mathematics. Identify the hypothesis and the conclusion and discuss the
truth value of each statement.

3. Invent and write down three examples of mathematical statements that
are implications. Identify the hypothesis and conclusion of each and dis-
cuss the truth value of each statement.

4. Find an example of a (possibly non-mathematical) predicate Q(x, y) in
two free variables x and y such that 8x9y Q(x, y) is a true statement but
9y8x Q(x, y) is a false statement.

5. For each of the following implications, write down the (i) negation, (ii) the
converse, and (iii) the contrapositive (each phrased as positively as possi-
ble). Finally, (iv) attempt to determine the truth value of the original im-
plication. Explanatory comments are in parentheses and are not part of
the statement you are to work with.

(a) If n is positive, then
p

n = n.

(b) (x is a fixed real number.) If x2 ∏ 2, then x ∏ 1.

1Maria Gaetana Agnesi (1718-1799) was a prodigy and genius best known for her textbook on
Calculus, entitled Analytical Institutions. The quotation is from her introduction to that book,
translated by John Colson. For more on Agnesi, see [86].
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(c) If n is a natural number and n2 is even, then n is even.

(d) If n is a natural number, then 5n2+5n+1 is a prime number. A prime
number is a natural number other than 1 whose only natural number
divisors are 1 and itself. Finally, for natural numbers, “being odd”
means “not being even” and “even” means being a multiple of 2.

(Hint for (iv): look at a table of prime numbers. You can find one online.)

(e) If T1 and T2 are triangles with the same area, then their sides are the
same length.

(f) If f : [0,1] ! R is a function then there is a real number M such that for all x 2
[0,1], we have f (x) ∑ M .” (Here, [0,1] is the interval {x 2R : 0 ∑ x ∑ 1})

(Hint for (iv): if a function is continuous on a closed and bounded interval, the extreme
value theorem from calculus can be applied to it. Thus, if you try to show that the state-
ment is true, you are, in essence, attempting to extend the extreme value theorem to all
functions. If you try to show the statement is false, on the other hand, you need to show
that there is a discontinuous function for which the conclusion of the extreme value
theorem does not hold.)

6. Which of the following statements1 (if any) is true? Are they logically equiv-
alent? Why or why not?

P : “There is a positive real number b such that for all positive numbers
a, b < a.”

Q: “For all positive real numbers a, there is a positive number b, such
that b < a.”

7. For each of the following implications (which are variants of statements
elsewhere in this text) write the (i) converse, (ii) contrapositive, and (iii)
negation (remembering that the negation of an implication is a conjunc-
tion.) You do not need to know all the terms in the statements and not all
of the statements are true. Explanatory comments are in parentheses and
you do not need to manipulate them when writing the converse, contra-
positive, or negation.

(a) If A is a subset of B then B c is a subset of Ac .

(b) If X =? and Y is a set, then X £Y =?.

1Taken from [28]
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(c) If every element H 2H is a convex set, then
T

H2H
H is convex.

(d) If a,b 2N, then there exists q,r 2N§ such that b = aq + r and r < a.

(e) If a ª b and b ª c, then a ª c.

(f) If f (x) = f (y), then x = y .

(g) (We have a function f : X ! Y .) If y 2 Y , there exists x 2 X such that
f (x) = y .

(h) If f : X ! Y is injective and g : Y ! Z is injective, then g ± f : X ! Z
is injective.

(i) If n 2Z, then there exists k 2Z such that n = 2k or n = 2k +1.

(j) If n 2N\{1}, then there exists a prime number p such that n is a mul-
tiple of p.

(k) (For every n 2 N, xn 2 R.) If |xn ° xn+1| < (1/2)n , then for all ≤ > 0,
there exists N 2N such that for all n,m ∏ N , |xn °xm | < ≤.

(l) (For every n 2 N, xn 2 R.) If |xn | < 100, then there exists a 2 R such
that for all ≤> 0, there exists N 2N such that for all n ∏ N , |xn °a| < ≤.

8. Negate the following statements. Phrase your answer as positively as pos-
sible (meaning: don’t simply write the word “not” in front of the given
statement - try to write something that is potentially useful!) Explanatory
comments are in parentheses and are not part of what you are to negate.
Remember that predicates which are implications are considered to be
statements by the invisible addition of a universal quantifier. You need
to take that into consideration when negating. You do not need to know
all the terms in the statement.

(a) If a is an even natural number, then there exist natural numbers m,n, p, q
such that

a = m2 +n2 +p2 +q2.

(b) There exists a natural number a and there exists a natural number b
such that ab = 5.

(c) For every real number ≤ > 0 and for every natural number N , there
exists a natural number n ∏ N with |xn °x| > ≤.

(Here (xn) is a sequence of real numbers and x is a fixed real number.)
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(d) The sum of three odd numbers is always an odd number. (Hint: try
rephrasing this so as to use quantifiers.)

(e) For all r 2R and for all s 2R there exists q 2R such that r s = q .

(f) ((xn) is some fixed sequence and L is some fixed real number.)

For all ≤> 0, there exists N 2N, such that for all n ∏ N , |xn °L| < ≤.

(g) ((xn) is a fixed sequence.)

There exists L 2R, such that for all ≤> 0, there exists N 2N, such that
for all n ∏ N , |xn °L| < ≤ or for all L 2 R, there exists N 2N, such that
for all n ∏ N , xn ∏ L.

(h) ( f : R!R is a fixed function and a 2R is a fixed number.)

For all ≤ > 0, there exists ± > 0, such that if |x ° a| < ±, then | f (x)°
f (a)| < ≤.

(i) Every open cover of X has a finite subcover.

(Hint: there are two quantifiers in this statement. Also, the negation of “fi-
nite” is “infinite”.)

(j) Every sequence (xn) in X has a convergent subsequence.

(k) The number 0 in Z is the unique number such that if x 2 Z, then
x +0 = x.

(Hint: there are two ways 0 can fail to be the unique number with a given
property: it might not have the property or it might not be the only number
with the property.)

(l) (For Æ 2 R, let [Æ] denote the distance to the nearest integer. The
statement is known as Roth’s theorem.)

For all irrational, algebraic numbersÆ 2R and every ≤> 0, there exists
C 2R such that for all N 2N

min{[Æn] : 1 ∑ n ∑ N } ∑ C
N 1+≤ .

(m) (The next statement is known as Fermat’s Little Theorem. It was stated
by Fermat in 1640 and proved by Euler in 1736.)

If p 2N is prime, then for all a 2Z, there exists k 2Z such that ap°a =
kp.
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(n) (The next statement is known as Fermat’s Last Theorem. It was stated
by Fermat in 1637 and dramatically proved by Andrew Wiles in 1995.)

For all natural numbers N ∏ 3 and all a,b,c 2N, aN +bN 6= cN .

(o) (The next statement is known as the Twin Prime Conjecture. It was
first stated in a more general form in 1849, but is likely considerably
older. It is still unproven.)

For all N 2N, there exist prime numbers p, q ∏ N such that |p°q| = 2.

(p) (The next statement was proved by Yitang Zhang in 2013 to the great
astonishment of the mathematical community.)

There exists M 2N such that for all N 2N, there exist prime numbers
p, q ∏ N such that |p °q|∑ M .

(q) (The next statement is related to the card game Set and dates to at
least 1971. It was proved [27] in 2016. See [57] for an explanation of
the connection to Set.)

(Let n 2 N and suppose that there are n attributes (such as color,
shape, smell, etc.) which a card may have. Each attribute can take
one of three values. For example, color might be red, blue, or green
and shape might be a diamond, square, or circle. Suppose that a deck
X consists of all of the 3n possible cards. A match is a set of three
cards such that there is an attribute where they all have the same
value. For example, if three cards have the same color, then those
three form a match. For A Ω X , let |A| denote the number of elements
of A.)

For all ≤> 0, there exists N 2N such that for all n ∏ N if A Ω X has the
property that no subset of A is a match, then

|A|
2.756n < ≤.

(r) (The next statement was proved in 2016 by Maryna Viazovska, to
great acclaim [58, 87].)

No packing of unit balls in Euclidean space R8 has density greater
than that of the E8-lattice packing.

9. (These examples are taken from [80]. See that book for more highly enter-
taining, imaginatively expressed puzzles.)
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(a) John has an identical twin. One of them always lies and the other al-
ways tells the truth. You meet the brothers and you wish to find out
which one is John. You may ask only one question to one of them.
The catch is that the question will be answered with only a “yes”
or “no” and your question may not contain more than three words.
What question should you ask?

(b) The March Hare, the Mad Hatter, and the Dormouse were arrested
on suspicion of stealing the Queen of Hearts’ jam. The Queen holds
a trial to determine which of them stole the jam. Under interrogation,
the March Hare and the Dormouse did not both speak the truth. The
March Hare says, “I never stole the jam!” The Hatter says, “One of us
stole it, but it wasn’t me!” The Dormouse says, “At least one of the
March Hare and the Hatter told the truth.” Who stole the jam?

3.7 Russell’s Paradox

“Hardly anything more unfortunate can befall a scientific writer than
to have one of the foundations of his edifice shaken after the work is
finished. This was the position I was placed in by a letter of Mr. Bertrand
Russell, just when the printing of this volume was nearing its com-
pletion.”

- Gottlob Frege1

“It is bad luck to title a book ‘Volume One’.”

- Gian-Carlo Rota [75]

In the remainder of the text we’ll use a combination of logic and set theory to
approach a wide variety of interesting mathematical topics. We will do so, how-
ever, without using a precise definition of “set” (or “element” for that matter.)
Although we will accomplish a lot without a precise definition of set, we should
have some idea of what we are missing. The purpose of this chapter is to use
logic to show that the informal definition of “set” we’ve used in previous chap-
ters can lead to logical contradictions. The purpose of a formal definition of “set”

1Gottlob Frege (1848 - 1925) was a philosopher and mathematician, best known for his efforts
to base mathematics on formal logic. The quotation is from the second volume of his work The
Basic Laws of Arithmetic and is oft quoted.
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(see Chapter 6) is to attempt to ensure that we can do everything we need to do
with sets, without encountering logical contradictions. The final portion of this
chapter gives an interesting application of these rather abstruse considerations
to Computer Science.

In the 19th century, a number of mathematicians and logicians sought to base
mathematics on precisely stated logical principles. As part of this quest, Gott-
lob Frege (1848-1925) thoroughly developed set theory. He published the first
volume of his magnum opus, but as he was preparing the second volume for
publication he received a letter from Bertrand Russell (1872 - 1970) which shat-
tered his entire project. In the letter, Russell points out a logical contradiction in
Frege’s work arising from not being careful enough with the definition of “set.”
The ultimate resolution of this paradox was eventually accomplished through
what is now called Zermelo-Frankel set theory. With modern eyes, Russell’s para-
dox is a “paradox” only in the sense that it contradicts our intuitive sense that we
can form any kind of set that we want; it is actually a theorem that rules out the
existence of a certain kind of set.

One way of escaping from the paradox is to claim that because we are appeal-
ing to terminology from everyday language we can’t be precise enough to strictly
apply logical principles. However, there are more sophisticated versions of the
paradox which raise serious philosophical issues. See [47] for a fun introduction
to these, as well as to some of the other concepts from logic and set theory which
will be important in this text. As far as set theory goes, however, Russell’s para-
dox needn’t cause us too much worry since rather than getting enmeshed in a
philosophical trap, we can simply conclude that the object in question isn’t a set
and then begin the quest for a more precise definition of “set.”

The version of Russell’s paradox we present here, centers on the question:

What sets are elements of themselves?

On the one hand, there is at least one set that is not an element of itself, since ?
does not have any elements at all. (Remember though that it does have a subset!
Indeed, ? Ω? although ? 62?.) The question of whether or not there is a set A
such that A 2 A is more difficult.

Thinking of sets as boxes makes it difficult to conceive how we could even parse a
statements like A 2 A. This is a limitation of our analogy. A better way of thinking
of sets to try to make sense of these statements is to think of a set as a folder on a
computer. Clicking or tapping on the folder opens it and shows its contents (i.e.
its elements). We can conceive of a special kind of folder such that examining
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the contents of the folder show us that the folder itself is one of the elements of
the folder; potentially, other folders are also elements of the folder.

As a warm-up consider the following paradox (taken from [78]). Call a word
“self-referential” if it describes itself and “non-self-referential” if not. For in-
stance, “short” is a short word and so is self-referential. On the other hand,
“long” is a short word and so is non-self-referential. Here is the question: Is
“non-self-referential” a self-referential word or a non-self-referential word? It
certainly can’t be self-referential since the word itself is “non-self-referential”. On
the other hand, it can’t be non-self-referential for then it would be self-referential,
which is a contradiction.

As another analogy, consider the real number defined1 by the expression:

r =

v

u

u

t

2+

s

2+

r

2+
q

2+
p

2+·· ·

Observe that r =
p

2+ r and is, in some sense2, a real number that contains itself.
Maybe there is a set-theory version of this?

Russell’s paradox concerns an (ultimately non-existent) set R whose elements
are precisely the sets x such that x 62 x. It could be thought of a folder which
behaves like this: When we open it, we see folders. No matter which folder x
we examine, when we open x we will not see x as a folder inside x. Thus, for
example, we would have ? 2 R since ? 62?. Furthermore, crucially, R contains
every single folder with this property. Our proof will show that this is logically
impossible.

3.7.1 Theorem œ Russell’s Paradox

There does not exist a set R, whose elements are all sets, such that x 2 R if
and only if and x 62 x.

The proof is a “proof-by-contradiction”: we pretend the theorem is false and
show that we encounter a logical contradiction. Since the theorem can’t be false,
it must be true. We’ll explore proofs-by-contradiction more in the next chapter.

Proof. Suppose that there is a set R whose elements are precisely all those
sets which are not elements of themselves. There are exactly two possibilities:
either R is an element of itself or R is not an element of itself.

1It is a question best addressed by Calculus as to why this expression does define a real number
2but not in a set theoretic sense
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If R is an element of itself (i.e. R 2 R) then, by the definition of R, R 62 R. Thus,

(R 2 R) ) (R 62 R)

which is a logical contradiction. Hence, it is not the case that R 2 R.

If R is not an element of itself (i.e. R 62 R) then R, by definition, meets the
entrance criterion for elements of R and so R 2 R. Thus,

(R 62 R) ) (R 2 R)

which is a logical contradiction. Hence, it is not the case that R 62 R.

We have shown, therefore that neither R 2 R nor R 62 R but that is a contradic-
tion as one of those must hold. Hence, there is no such set R.

An important consequence of this theorem is that there is no “set of all sets”:

3.7.2 Theorem œ There is no universal set

There does not exist a set U such that A 2U if and only if A is a set.

Proof. Suppose, to obtain a contradiction, that there is such a set U . Then
R = {x 2 U : x 62 x} would be a subset (see the Axiom of Subset Selection in
Chapter 6.) However, the previous theorem shows that R is not a set and so U
cannot be a set either.

Remark 3.7.1. Examining the proof of Theorem 3.7.2 raises the question of why
we insist that if U is a set then R = {x 2U : x 62 x} is a set. Rather than denying the
existence of the set U , we could deny our ability to create a subset of a given set in
this way. That is, we could choose to deny the Axiom of Subset Selection (which
we haven’t discussed yet.) This axiom, however, is one of the major links between
set theory and logic and denying it, rather than the existence of a universal set,
would create far more problems than it solves.

Russell’s paradox leaves us with the question: How can we tell, in a particular
instance, if we have defined a set? How do avoid logical contradictions? The an-
swer to the first question is that we restrict ourselves only to sets whose existence
is guaranteed by the axioms of set theory. The answer to the second question has
a long interesting story, but is essentially: “We can’t guarantee that there are no
logical contradictions, but none (to the best of our knowledge) have been found.”
Mathematics, like everything else in human knowledge, ultimately depends on
some faith and hope. For those of us who are becoming mathematicians, we
would, of course, also add “love.”
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3.8 Application: The Halting Problem

“[I]t has been shown that there are machines theoretically possible
which will do something very close to thinking. They will, for in-
stance, test the validity of a formal proof in the system of Principia
Mathematica, or even tell of a formula of that system whether it is
provable or disprovable. ... [O]ne can show that however the ma-
chine is constructed there are bound to be cases where the machine
fails to give an answer, but a mathematician would be able to. On
the other hand, the machine has certain advantages over the math-
ematician.”

-Alan Turing1

If you have ever done any computer programming, you have undoubtedly spent
vast amounts of time debugging your code. The Fields Medallist William P. Thurston,
comparing the level of detail necessary to write a correct proof with the level of
detail required to write a correct computer program, says [85]:

I have spent a fair amount of effort during periods of my career explor-
ing mathematical questions by computer. In view of that experience, I
was astonished [at the view] that mathematics is extremely slow and ar-
duous, and that it is arguably the most disciplined of all human activities.
The standard of correctness and completeness necessary to get a computer
program to work at all is a couple of orders of magnitude higher than the
mathematical community’s standard of valid proofs. Nonetheless, large
computer programs, even when they have been very carefully written and
very carefully tested, always seem to have bugs.

In light of this, we might despair at our ability to write correct proofs. Thurston,
reminds us, however that the goal is ultimately that of understanding and that
communicating understanding is of primary importance:

Mathematics as we practice it is much more formally complete and precise
than other sciences, but it is much less formally complete and precise for

1Alan Turing (1912-1954) did foundational work in probability, logic, genetics, cryptography.
His most influential work was in the theory of computation. The theoretical abstraction of modern
computers is called a “Turing machine.” The argument that the halting problem is unsolvable is
credited to Turing.
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its content than computer programs. The difference has to do not just with
the amount of effort: the kind of effort is qualitatively different. In large
computer programs, a tremendous proportion of effort must be spent on
myriad compatibility issues: making sure that all definitions are consis-
tent, developing "good" data structures that have useful but not cumber-
some generality, deciding on the "right" generality for functions, etc. The
proportion of energy spent on the working part of a large program, as dis-
tinguished from the bookkeeping part, is surprisingly small. ...

A very similar kind of effort would have to go into mathematics to make
it formally correct and complete. ... If we were to continue to cooperate,
much of our time would be spent with international standards commis-
sions to establish uniform definitions and resolve huge controversies.

Mathematicians can and do fill in gaps, correct errors, and supply more de-
tail and more careful scholarship when they are called on or motivated to
do so. Our system is quite good at producing reliable theorems that can be
solidly backed up. It’s just that the reliability does not primarily come from
mathematicians formally checking formal arguments; it comes from math-
ematicians thinking carefully and critically about mathematical ideas.

One way of “thinking carefully and critically” about mathematical ideas is to test
them against real world problems. Sometimes the results can be quite surpris-
ing. Here is an example arising from an application of mathematics to computer
science. Although, the ideas of what follows can be formalized in a much more
precise way, here we simply outline the relevant ideas and defer the details to
another course.

There is an especially pernicious type of bug in software: an infinite loop. Mod-
ern computer programs are exceedingly complex and can run for days before
producing their output. If a computer program enters into an infinite loop it will
never1 terminate, but the user may wait expectantly for a long time before giving
up on it. “Maybe my program will stop in 5 minutes? ... Maybe it just needs 5
more minutes ...” and so on.

Wouldn’t it be great if there were a computer program HALT available that could
read the code for any other computer program X and determine if X will enter
into an infinite loop or if it is guaranteed to halt (i.e. stop running or terminate)?

It turns out that no such computer program HALT can exist! To explain why, re-
call that a computer program consists of two parts: the code and the executable.

1well, at least not until the hardware fails
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The code is (more-or-less) human readable and exists independently of the ex-
ecutable, which is the set of instructions actually carried out by the computer’s
CPU. The executable is what is produced from the code by a compiler. (In some
modern languages, you may never see the executable and the work of the com-
piler may be carried out automatically.) Additionally, computer programs may
take a file as input – in particular they can take their own code as input. This
is reminscent of Russell’s Paradox where we ask if a certain set is an element of
itself, and thereby encounter a contradiction to the existence of a universal set.
We can apply a similar idea here.

Suppose, for a contradiction, that there is a computer program HALT which can
read the code (without running it!) for any other computer program X and deter-
mine if X is guaranteed to halt. We may assume, without loss of generality, that if
X halts, the program HALT prints out “X halts!” and terminates. If X might enter
into an infinite loop, HALT prints out “X infinitely loops!” and then terminates.
We write a new computer program Q. The program Q takes the code for any
computer program X as input. It then tells HALT to read the code for X . If HALT

prints out “X halts!” then we write Q so that Q enters into an infinite loop. On
the other hand, if HALT prints out “X infinitely loops!”, then we write Q so that Q
prints out “Success!” and terminates. In particular if X halts, then Q loops and if
X infinitely loops, then Q terminates.

We now compile Q and, to the executable for Q, input the code for Q itself. Let’s
see what happens. If Q infinitely loops, then by design Q terminates (a contra-
diction) and if Q halts, then Q by design infinitely loops – also a contradiction.
Hence the program HALT cannot exist.

If the previous argument seems like it could be made more exciting, I encourage
you to consult [71].

Carnot’s theorem in thermodynamics has the corollary that it is impossible to
build a perfectly efficient engine. Carnot’s theorem, however, does not mean
that engineers shouldn’t try to keep making engines more efficient (even as they
know perfection is impossible). Similarly, the solution to the Halting Problem
shows that it is impossible to write a computer program which is perfect at de-
tecting whether or not code will enter into an infinite loop. This does not mean,
however, that it is impossible to make improved bug checkers. In fact, there are
computer programs which can determine if certain limited classes of computer
programs will loop or halt. The argument showing that the Halting problem is
impossible shows that if such a computer program MINI-HALT can determine if
all programs having certain characteristics C are guaranteed to halt, then MINI-
HALT does not itself have those characteristics C .

99/470


