
CHAPTER 2

Sets with Structure

“What does it take to be a mathematician? My experience has been
that the key ingredient is the fascination with the theory and the ma-
nipulations of its structure. It does not take brilliance, but love of a
great game!”

–Karen Keskulla Uhlenbeck2 [18]

Key Concepts

Given an axiom system similar to the axioms for a group, metric space, or
natural number system,

• be able to show that a given set satisfies the axioms;

• be able to use the axioms to prove theorems applicable to any set
satisfying the axioms

Each branch of mathematics has sets of particular interest to that branch. For
example, the sets of numbersZ andQ are of primary interest to number theorists
and 3-dimensional space R3 is of particular interest to geometers. What makes
each of these sets interesting, however, is how the elements of the set relate to
each other. For Z and Q, numbers are related to each other by addition and

2Karen Uhlenbeck does research in partial differential equations and was the first woman to be
awarded the prestigious Abel prize for mathematics.
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multiplication (for instance). In R3, elements are related to each other by how
far apart they are from each other. In this chapter, we’ll explore four examples
of sets with additional structure. Two of these structures (“group axioms” and
“natural number systems”) are modelled on the addition of integers. Another
(“metric space”) is modelled on notions of distance. We also explore networks
(which we call “graphs”). These examples will recur throughout the text.

For each example, we present a list of properties called “axioms.” Historically, an
axiom was a statement that was accepted to be true, without the need for proof.
More recently, the word “axiom” is used to describe a property that may or may
not hold for a particular set. A collection of axioms can be thought of as a list of
essential features. Any theorem whose proof uses only those features applies to
any object having those features.

2.0.1 Warning

When you first read the definitions of group, metric space, graph, and nat-
ural number system given below you will likely feel rather lost. That’s okay!
Only by jumping in and working through our unease can we get to the
point where we can internalize abstract definitions. We haven’t yet care-
fully discussed logic or proof structures, so your proofs of the theorems
below will almost certainly be incomplete and unsatisfactory. You should
revisit your proofs of these theorems again after working through the later
chapters.

2.1 Groups

“We try to get natural problems from the physical world, but we
also try to create problems based on the development of our under-
standing of nature It’s like an artist who paints a picture. Some of
the pictures are realistic and you can see the world. But an artist can
also see nature and create an image related to it in an abstract way.
We do that, too.”

–Shing-Tung Yau1 [18]

The notion of a group, our first example of a set with additional structure, is cho-

1Shing-Tung Yau is one of the foremost differential geometers of the 20th and early 21st cen-
turies.
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sen because there are very few axioms and the axioms capture some of the be-
havior of the familiar operations of addition, multiplication, and function com-
position. The hope is that groups are unfamiliar enough so that you see the need
for abstract approaches, but close enough to familiar objects that you can draw
on your previous math experience to explore them. In Section 2.5, we see how
groups are used to describe symmetries of geometric objects.

2.1.1 Definition œ Axioms for a Group G

A set G , together with an element 1 2 G (called the identity of the group),
and a way (denoted ±) of combining elements of the set, is a group if the
following hold:

(G1) (closure) For every a 2 G and b 2 G there is a some element c 2 G
such that c = a±b. Furthermore, this combination is unique. In other
words, if a = a0 and b = b0, then:

a ±b = a0 ±b0.

(G2) (identity) The following hold:

• For every a 2G , a ± 1= a.

• For every a 2G , 1±a = a.

(G3) (inverses) For every a 2 G there exists b 2 G (more traditionally de-
noted a°1) such that the following hold:

• For every a 2G , a ±b = 1.
• For every a 2G , b ±a = 1.

(G4) (associativity) For every a,b,c 2G

(a ±b)± c = a ± (b ± c).

Before we begin exploring groups, we should observe that, given the definition,
we could try to do any of the following:

1. Prove that certain choices of set G and operation ± are examples of groups.
Doing this will help us mentally connect the abstract definition of a group
with concrete examples we’ve worked with before.

2. Prove that certain choices of set G and operation ± are not examples of groups.
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Doing this will help us know the limitations of the abstract definition.

3. Prove theorems about groups, using only logic and the properties in Defi-
nition 2.1.1. Doing this will provide true facts pertaining to any set G and
operation ± which are groups, not just our favorite, well-known ones.

4. Find applications of group theory, either within mathematics or outside of
mathematics. This will show the usefulness of group theory and requires
us to understand the extent to which group theory is appropriate for study-
ing whatever it is we want to study.

In this section, we will get just a taste of tasks (1), (2), and (3). In future sections,
we will see some examples of applications of group theory, both within mathe-
matics and outside of mathematics.

Examples and non-examples of groups

It is crucial when discussing a set G that is (potentially) a group to specify not just
what the set G is but also the operation ± . In the definition, the symbols G and
± are not important - what is important are their roles. In particular examples,
the set might be denoted X , G 0, Q, or something else and the operation might
be denoted +, ·, ©, §, or something else. Likewise, although we are denoting the
identity by 1, even when G is a set of numbers, 1 need not be the number one. On
the other hand, when we are proving theorems that apply to any group, we do
not need specify G , 1, and ± precisely, since we are making statements that apply
no matter what G , 1, and ± are (as long as they form a group.)

Notice that each of the axioms claims something along the lines of “For every
a 2 G” (or “every a 2 G and b 2 G”, etc.). If the axiom holds, we can replace the
a with any other symbol representing an element of G . For example, it turns out
that the integersZwith addition + and identity equal to the number 0, is a group.
If we set a = 5 and b = 7, Axiom (G2) guarantees that a +0 = a, (that is, 5+0 = 5),
but it also guarantees that b +0 = b (that is, 7+0 = 7.)

To show that a set G with an identity 1 and an operation ± is a group, we must
explain why (G1) - (G4) all hold. Axiom (G4) is usually the most irritating to verify
and, in this text, we will often omit the proofs showing that axiom holds. To show
that a set G with an operation ± is not a group we must show that at least one of
(G1) - (G4) does not hold.
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2.1.22.1.2 Example

For each of the following examples, verify that axioms (G1), (G2), and (G3)
hold.

• Z,Q, and R, each with operation + and identity 0.

• R \ {0} (all real numbers except 0) with multiplication · as the oper-
ation and the number 1 as the identity.

• The set {0,1} with the operation + defined by 0+0 = 1+1 = 0 and
0+1 = 1+0 = 1 and number 0 as the identity.

• More generally, for a given n 2 N, let Zn = {0,1, . . . ,n ° 1} with an
operation ± defined by letting a±b be the remainder of (a+b) when
divided by n. The identity is the number 0.

2.1.32.1.3 Exercise

For each of the following examples, determine which of (G2), (G3), or (G4)
do not hold. For each axiom which does not hold, specify particular ele-
ments of the group that do not satisfy the equations in that axiom.

• {0,1,2, . . .} with operation + and identity 1= 0.

• R with operation · (multiplication) and identity 1= 1.

• Q \ {0} (all rational numbers except 0) with operation ÷ (division)
and identity 1= 1.

Here are some more advanced examples of groups, each is important in linear
algebra.

2.1.4 Example

Let M2(R) be the set of all 2£2 arrays of real numbers. That is, M 2 M2(R)
if and only if there are a,b,c,d 2R such that

M =
µ

a b
c d

∂

.
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2.1.4 We define an operation, denoted +, on M2(R) by defining:

µ

a b
c d

∂

+
µ

e f
g h

∂

=
µ

a +e b + f
c + g d +h

∂

.

Then M2(R) with the operation + is a group having
µ

0 0
0 0

∂

as the identity.

2.1.52.1.5 Example

Let GL2(R) be the set1of all
µ

a b
c d

∂

2 M2(R) such that ad °bc 6= 0. Define

µ

a0 b0

c 0 d 0

∂

·
µ

a b
c d

∂

=
µ

a0a +b0c a0b +b0d
c 0a +d 0c c 0b +d 0d

∂

.

Then GL2(R) is a group with operation · and identity 1=
µ

1 0
0 1

∂

.

2.1.62.1.6 Exercise

Verify that GL2(R) is a group by showing it satisfies all the group axioms.

Also if T =
µ

a b
c d

∂

, find T °1 in terms of a,b,c,d .

2.1.72.1.7 Exercise

Let SL2(Z) be the set1of all
µ

a b
c d

∂

2GL2(R) such that a,b,c,d are integers

with ad °bc = 1. Define · and identity as in Example 2.1.5. Adapt your
solution to Exercise 2.1.6 to show that SL2(Z) is a group.

1The “G” stands for “general” and the “L” for “linear”. The 2 and the R indicates that we are
working with 2£2 arrays of real numbers.

2This time the “S” stands for “special.”
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Two theorems about groups

The next two theorems concern the uniqueness of the identity and the unique-
ness of inverses in a group. Note how the phrasing of the theorems parallels the
definition of uniqueness given in 1.6 above. Be sure to structure your proofs of
these theorems accordingly. The first proof is set up for you.

2.1.8 Theorem œ Uniqueness of Identity

Suppose that G is a group with operation ± and identity 1. Suppose that
a 2G . If x is an element such that a ±x = a or x ±a = a, then x = 1.

Proof. Assume that G is a group with operation ± and identity 1. Suppose,
also, that a, x 2 G have the property that a ± x = a or that x ± a = a. We will
show that x = 1.
Case 1: a ±x = a.
We will use axioms (G1), (G2), (G3), and (G4). Since a 2G , by axiom (G3) there
exists an element b 2G such that b ±a = 1. By axiom (G1), (a ±x) 2G and

b ± (a ±x) = b ±a.

h Use Axiom (G4) and the properties of b to show that 1±x = 1. i

h Use Axiom (G2) to show that x = 1. i

Case 2: x ±a = a.

h Complete this case in a similar way to Case 1. i

One important consequence of Theorem 2.1.8 below is that when claiming that
something is a group we do not need to explicitly name which element we are
considering to be 1. If the set and operation satisfy the group axioms, there is
only one element which has the properties of 1. However, it is usually kind to the
reader to say which element is the identity.

2.1.9 Theorem œ Uniqueness of Inverses

Suppose that G is a group with operation ± and identity 1. Let a 2 G with
a°1 an inverse of a in G given by axiom (G3). If x 2 G is an element such
that a ±x = 1 or x ±a = 1 then x = a°1.
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Finally, we conclude with a useful exercise.

2.1.102.1.10 Exercise

Suppose that G is a group with operation ± and identity 1. Prove that for
all a,b 2G ,

(a ±b)°1 = b°1 ±a°1.

2.2 Metric Spaces

“Although I cannot claim to find it easy to balance my ambitions in
mathematical research with the desire to be a good parent, to be an
inspiring teacher, or to effect positive social change in the world, I
do feel very fortunate to be able to spend my life tackling these chal-
lenges, which are extremely interesting and important to me.”

–Kate Adebola Okikiolu [18]

The group axioms each attempt to formally capture some of the properties of
certain sets of numbers, most notably the ability to add or multiply. The axioms
for a metric space, on the other hand, capture something of what we mean when
we talk about “distance.”

2.2.1 Definition œ Axioms for a Metric Space

A set X is a metric space if the following hold:

(M1) (positive) For every x, y 2 X , there exists a unique real number
d(x, y) 2R with d(x, y) ∏ 0.

(M2) (definite) For every x, y 2 X , d(x, y) = 0 if and only if x = y .

(M3) (symmetry) For every x, y 2 X , d(x, y) = d(y, x).

(M4) (triangle inequality) For every x, y, z 2 X ,

d(x, z) ∑ d(x, y)+d(y, z).

We call d the metric.

When specifying a metric space, we must always specify not only the set X but
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also the real numbers d(x, y). It is possible (and indeed is usually the case) that
a set X may have multiple, different, metrics. The elements of X are often called
points. The number d(x, y) is called the distance from x to y . The first axiom
says that the distance between two points is always non-negative. The second
axiom specifies that for each x 2 X , the only element of distance zero from x is
x itself. The third axiom says that the distance from a point x to a point y is the
same as the distance from y to x. Finally, the triangle inequality says (informally)
that the distance from x to z is never more than the distances obtained by going
from x to y and then to z.

Given the definition of a metric space, as with the definition of a group, we may
embark on 4 tasks:

1. Show that some particular choices of X and d satisfy the definition of a met-
ric space.

2. Show that some particular choices of X and d do not satisfy the definition
of a metric space.

3. Prove theorems pertaining to any metric space.

4. Find applications of metric spaces either within or without mathematics.

Metric spaces are studied more thoroughly in analysis and topology classes. In
this book, we’ll just get a sense for what they are and how they are useful. Metric
spaces provide a helpful context for proving theorems using the definition and
careful reasoning and also help develop geometric intuition. In this section, we’ll
just address tasks (1), (2) and (3). Task (4) will be addressed in future sections.

Examples and non-examples of metric spaces

2.2.22.2.2 Exercise

Let X be any set and define d(x, y) = 1 for all x, y 2 X with x 6= y . Also
define d(x, y) = 0 if x = y . Prove that X (with the metric d) is a metric
space by showing that (M1) - (M4) hold. We call d the discrete metric on
X .
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2.2.32.2.3 Exercise

Let X = R and let d(x, y) = |x ° y |. Prove that X is a metric space (with
metric d). For the triangle inequality, recall that |x ° y | =

p

(x ° y)2 and
use some algebra.

We may define a metric on Rn for any n 2N, by defining

d((x1, x2, . . . , xn), (y1, y2, . . . , yn)) =
q

(x1 ° y1)2 + (x2 ° y2)2 +·· ·+ (xn ° yn)2.

In the appendix to this chapter (Section 2.6) using methods unrelated to the rest
of the text, we prove that (Rn ,d) satisfies the axioms of a metric space. The metric
d is called the euclidean metric on Rn .

The following are examples of metric spaces, though proving they are such can
be rather tedious. There are many more examples of metrics on all kinds of dif-
ferent sets. Metric spaces are ubiquitous in mathematics.

2.2.1
• X =R2 and dmax is the max metric defined by

dmax((x1, x2), (y1, y2)) = max(|x1 ° y1|, |x2 ° y2|).

2.2.2• X =R2 and d is the metric defined by

d((x1, x2), (y1, y2)) = |x1 ° y1|+ |x2 ° y2|.

2.2.3• X =R2 and dcomb is the comb metric defined by

dcomb((x1, y1), (x2, y2)) =
(

|y1 ° y2| if x1 = x2

|y1|+ |x1 °x2|+ |y2| if x1 6= x2.

2.2.4• A = [a,b] ΩR and X is the set of continuous functions f : A !R. We define
the max metric on X by declaring that

d( f , g ) = max
©

f (x)° g (x) : x 2 A
™

.

The maximum is guaranteed to exist by the Extreme Value Theorem, from
Calculus.
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2.2.52.2.5 Example

Show that the following are not metric spaces by showing that one of the
axioms for a metric space does not hold. For the second two, define the

length of a = (a1, a2) 2R2, to be ||a|| =
q

a2
1 +a2

2.

1. The interval X = (0,1) ΩR with “metric” defined by d(x, y) = x
y .

2. The set X =R2 with “metric” defined by

d
°

a,b
¢

=
(

1 ||a||∑ 1 and ||b|| > 1

||a °b|| otherwise ,

for all a,b 2R2.

3. The set X =R2 with “metric” defined by

d
°

a,b
¢

=

8

>

>

<

>

>

:

1 ||a||∑ 1 and ||b|| > 1

1 ||b||∑ 1 and ||a|| > 1

||a °b|| otherwise ,

for all a,b 2R2.

Theorems concerning metric spaces

The most interesting theorems for metric spaces require more mathematics than
we have at present, but here are two sample results to give you the chance to
practice using the definitions. The first proof is set up for you.

2.2.6 Theorem

Suppose that X is a metric space with metric d . Let k > 0 be a real number.
For all x, y 2 X , define d 0(x, y) = kd(x, y). Then X is a metric space with
metric d 0.

One way of interpreting the statement of the Theorem is that if d is a metric
which we use to measure distances, and if we change our units of measurement
by scaling, then the new way of measuring distances is still a metric. For exam-
ple, if d measures with feet, then choosing k = 12, d 0 measures in inches, and is
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still a metric.

Proof. Assume that X is a metric space with metric d and that k > 0. Define
d 0(x, y) = kd(x, y). We will show that X is a metric space with metric d 0 by
showing that X and d 0 satisfy the axioms of a metric space. We will use the
fact that we already know that d is a metric.

Axiom (M1): We must show that for every x, y 2 X , there exists a unique real
number d 0(x, y) with d 0(x, y) ∏ 0.

Let x, y 2 X be arbitrary. Since d is a metric, there exists a unique real num-
ber d(x, y). Thus, d 0(x, y) = kd(x, y) is a real number. It is unique, since the
product of two real numbers is a unique real number.

Axiom (M2): We must show that for every x, y 2 X , d 0(x, y) = 0 if and only if
x = y .

Let x, y 2 X be arbitrary. We must show that if x = y then d 0(x, y) = 0 and we
must also show that if d 0(x, y) = 0 then x = y .

h Assume that x = y. Use the fact that d(x, y) = 0 to show that d 0(x, y) = 0. i

h Assume that d 0(x, y) = 0. Use the fact that k 6= 0 to show that d(x, y) = 0. Then
use the fact that d is a metric to conclude that x = y. i

Axiom (M3): We must show that for every x, y 2 X , we have d 0(x, y) = d 0(y, x).

h Do it! i

Axiom (M4): We must show that for every x, y, z 2 X , we have
d 0(x, z) ∑ d 0(x, y)+d 0(y, z).

h Do it! i

The next theorem gives one way of combining two different metrics into a single
metric. You should organize the proof similarly to how the previous proof was
organized.

2.2.7 Theorem

Suppose that X is a set and that d1 and d2 are both metrics on X . For all
x, y 2 X , define

d(x, y) = d1(x, y)+d2(x, y).

Then d is also a metric on X .
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2.3 Graphs

“I should also point out, however, that most of the ideas that I have
and the things that I try do not work, and I suspect that the same
is probably true of many other mathematicians. Of course this just
means that perseverance is a crucial part of the entire process, and
that it is very important not to just give up too easily!”

–Adebisi Agboola [18]

In mathematics the term “graph” has (at least) two meanings. It can mean the
“graph of a function”, as in Calculus courses. It can also, however, be used to
refer to a network of nodes (called “vertices”) and connections (called “edges”).
Throughout applied mathematics, computer science, and engineering this latter
type of graph is used to model all kinds of networks.

2.3.1 Definition œ Graph

A graph consists of a set V (the set of vertices) and a set E (the set of edges)
such that the following hold:

• For every edge e 2 E , there are two (not necessarily distinct) vertices
v, w 2 E called the endpoints of e. We write ENDS(e) = {v, w}.

Two graphs are the same exactly when they have the same set of vertices
and the same set of edges.

Figure 2.1 shows a common way of visualizing graphs. We’ll say more about vi-
sualizing graphs later.

Using the formal definition of a graph, we can construct a few examples.

2.3.22.3.2 Example œ (The empty graph)

Let both the vertex set and the edge set by empty. The graph is called the
null graph.

2.3.3 Example

Let V be any set. The graph with vertex set V and edge set ? is a graph
with no edges; it consists of isolated nodes and no connections between
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v1

v2

v3

v4

v5 v6

v7

{v1, v2}

{v2, v4}

{v4}

{v4, v5}

{v5, v3}

{v7, v8}{v2, v3}

{v1, v3}

Figure 2.1: A graph with 7 vertices and 8 edges. We have given each vertex a label
and marked each edge with the set of its endpoints. Note that the graph isn’t
“connected” and that there’s a loop based at one vertex.2.3.3

them.

2.3.42.3.4 Example œ (The Web graph)

We can use graphs to model the World Wide Web. Let V be the set of web
pages and let E be the set of edges such that for every pair of webpages
v, w 2 V then the set {v, w} 2 E if and only if there is link in the webpage
v linking v to w or vice versa. The graph is called the web graph. This
graph changes over time.

As an indication of the complexity of the Web Graph, at [63] you can download
a subset of the 2012 Web Graph, consisting of 3.5 billion vertices and 128 billion
edges.

2.3.52.3.5 Exercise

Pick your favorite or least favorite social network (e.g. Facebook, Twitter,
LinkedIn) and describe how to model it using a graph.

As we did above, in Figures 2.1 and 2.2, we can attempt to visualize some graphs
(V ,E) as follows. For each vertex v 2V , choose a point in the plane. If ENDS(e) =
{v, w} 2 E , draw a path from the point corresponding to v to the point corre-
sponding to w .

Typically, we try to draw the paths as “nicely” as possible. Ideally, distinct edges
should be drawn so that they do not intersect (except possibly at their endpoints).
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Figure 2.2: Pictures of the complete graphs K (3) and K (4).

If such a picture is possible, then the graph is said to be planar. It can be very
difficult to tell if a graph is or is not planar. To see why, try playing the game
Planarity [84].

2.3.6 Definition œ Complete Graph

Let V be a set. The complete graph on V is the graph K (V ) with V the set
of vertices and with edge set consisting of exactly one edge between each
pair of distinct vertices. If V has n elements, we often write K (n) instead of
K (V ).

Complete graphs with very few edges are planar, as in Figure 2.2.

2.3.7 Definition œ Complete Bipartite Graph

Let V be a set with two non-empty subsets B ,W Ω V such that B and W
have no elements in common and every element of V is either in B or in
W . The complete bipartite graph K (B ,W ) is the graph with vertices V
and with an edge between every vertex of B and every vertex of W (and
no other edges). If B has n vertices and W has m vertices, we often write
K (n,m) instead of K (B ,W ).

Figure 2.3 shows some examples of complete bipartite graphs with few edges.

2.3.82.3.8 Exercise

Let B and W be non-empty sets. Give a more formal definition of K (B ,W )
by coming up with a description of the edge set of K (B ,W ) as a set whose
elements are sets.

Not surprisingly, most complete and complete bipartite graphs are non-planar.
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Figure 2.3: Pictures of the complete bipartite graphs K (2,3) and K (3,3).

It should be easy to convince yourself (though maybe not so easy to write down
a proof!) that K (5) and K (3,3) are non-planar.

2.3.92.3.9 Exercise

Find a way of drawing K (2,3) so that no edges cross (i.e. show that K (2,3)
is a planar graph).

Most of the graphs we consider in this text are “undirected”, meaning that edges
do not having a starting vertex or an ending vertex. In the context of networks
like the Web it might be more natural to consider directed graphs. For instance
a directed edge might point from the webpage v containing the link to the web-
page w to which v is linked. If there was no link in w linking back to v , then
there would be no directed edge from w to v . If we wanted to consider directed
edges, there are ways to modify the definition to do that. Start with an undirected
graph G having vertex set V and edge set E and direct one or more of its edges.
Informally, we place an arrow on one or more of the edges, as in Figure 2.4. This
means that for each edge e we want to direct, if ENDS(e) = {v, w}, we declare one
of v and w to be the initial endpoint of e and the other one to be the terminal
endpoint of e. The directed edge e goes from its initial endpoint to its terminal
endpoint. If every edge is directed, the graph is called a digraph.
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Figure 2.4: An example of a digraph. To turn a graph into a digraph, put an arrow
on each edge so that it points from the initial endpoint to the terminal endpoint.

2.4 The natural numbers

“It was easier to know it than to explain why I know it. If you were
asked to prove that two and two made four, you might find some
difficulty, and yet you are quite sure of the fact.”
- Sir Arthur Conan Doyle, A Study in Scarlet

The set of natural numbers N= {1,2,3, . . .} is the set of counting numbers, but it
is its properties rather than the particular names of its elements which establish
its importance in mathematics. For example, rather than counting 1,2,3,4, . . .,
we could count I , I I , I I I , IV , . . . or a,b,c,d , . . .. For that matter, we could count
0,1,2,3, . . .. In 1889, the Italian mathematician Giuseppe Peano, published four
properties (i.e. axioms) of a set which will guarantee that it is functionally equiv-
alent toN. That is, if a set N satisfies the three axioms below, then any statement
about N can be rephrased into a statement about N and vice versa. The axioms
encapsulate the fact that after every natural number comes some other natural
number.

For various reasons, historical and other, it is customary to state the axioms for
the set of natural numbers together with 0 (that is, N§). For convenience, we de-
fine a successor function on a set N to be an assignment to each n 2 N , a unique
S(n) 2 N . If m = S(n), we also say that n is a predecessor of m. To make sense of
the terminology, we can picture a set N with a successor funcion S as a digraph.
The vertices of the digraph are the elements of N and we draw a directed edges
from n to m if m = S(n). Our rules for S guarantee that each vertex has exactly
one outgoing edge. We pick one element 0 2 N to be an initial object. We use a
boldface font for 0 to indicate that (when all is said and done) the element has
the same (or similar) properties to the familiar integer 0, but may not be literally
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equal to it. Figure 2.5 shows an example of a digraph representing a set with a
successor function, as well as one possible choice for 0.

0

Figure 2.5: A digraph representing a set with a successor function. The arrows
without two endpoints indicate an infinite progression of vertices and arrows.
One of the elements is marked as an initial object.

Observe in Figure 2.5, we can start at 0 and “count” by following arrows. Once we
choose our starting point, our counting path is completely determined, although
in Figure 2.5 there will be many vertices that are never counted. Peano’s axioms
are intended to make the counting exactly coincide with our intuitive notions of
how counting through the elements ofN should work. When you first encounter
the axioms, notice, however, that the axioms do not require that we already know
about the existence of numbers or counting. For instance, as in Figure 2.6, we
can define the number 1 to be the successor of the initial object and define 2 =
S(1) and define 3 = S(2) and so forth.

If a set N has a successor function S, a nonempty subset A Ω N is a counting
subset of N if for all n 2 A, S(n) 2 A. Counting subsets of N have the property
that we can start at any element of the subset and count as long as we like, while
remaining in the subset.

2.4.12.4.1 Exercise

In the examples in Figures 2.5 and 2.6, identify 4 different counting sub-
sets. Can you find one that does not contain 0?

We are now ready for Peano’s axioms.
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0

1

2 3

Figure 2.6: A digraph representing a set with a successor function. The arrows
without two endpoints indicate an infinite progression of vertices and arrows.
One of the elements is marked as an initial object 0. We label the successor of 0
as 1; the successor of 1 as 2; and so forth.

2.4.2 Definition œ Peano’s Axioms for a set N

Suppose that N is a set, that 0 2 N is a particular element (called the initial
object), and that S is a successor function on N . We say that the triple
(N ,0,S) is a natural number system if the following axioms are satisfied:

(P1) The initial object 0 does not have a predecessor. That is, there does
not exist n 2 N such that S(n) = 0.

(P2) No element has more than one predecessor. That is, for every n,m 2
N , if S(m) = S(n) then m = n.

(P3) If A Ω N is a counting subset such that 0 2 A, then A = N .

2.4.32.4.3 Exercise

What do axioms (P1) and (P2) imply about the structure of the digraph
created from a natural number system? Can such a digraph have a cycle?
(That is a sequence of elements x1, x2, . . . , xn 2 N such that x2 = S(x1),
x3 = S(x2), . . ., xn = S(xn°1) and x1 = S(xn)?) Can such a digraph have any
vertices with more than one incoming edge?

Axiom (P3) is the most mysterious of the axioms, and it will likely remain mys-
terious for the duration of the chapter. Informally, it says that N has no proper
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subset that both contains the initial object and is closed under taking succes-
sors. Axiom (P3) is the basis for the method of proof known as “induction.” We
explore that more in Chapter 9.

2.4.42.4.4 Exercise

For the Example in Figure 2.5, determine which of the Peano axioms are
satisfied and which are not. Draw a digraph that satisfies (P1) and (P2)
but not (P3). This shows that axiom (P3) is independent of axioms (P1)
and (P2); that is, Axiom (P3) cannot be proved using only Axioms (P1)
and (P2), the rules of logic, and the definitions.

2.4.52.4.5 Exercise

Observe that if we set N =N, 0 = 1, and S(n) = n +1 for every n 2N then
elementary algebra confirms that N satisfies Axioms (P1) and (P2). Can
you convince yourself that Axiom (P3) is also satisfied? Similarly, if we set
N = {0,1,2,3, . . .}, 0 = 0, and S(n) = n + 1, then (N ,0,S) also satisfies the
Peano axioms.

Of course, Exercise 2.4.5 required that you already know that there is a set N =
{1,2,3, . . .} and also required you to understand basic arithmetic. The whole point
of the axioms, however, is to enable us to deduce the existence of such a set using
the axioms as initial assumptions. The next exercises give you the opportunity to
play around with the axioms to learn aspects of how each axiom captures some
feature of the natural numbers and can be used to exclude sets (or choice of 0 or
S) which can’t be used in place of the natural numbers.

2.4.62.4.6 Exercise

For the set N = N§ with 0 = 0, define a successor function S such that
Axiom (P1) is satisfied but Axiom (P2) is not satisfied. You need to say
exactly what S(n) is for each n 2N.

2.4.7 Exercise

For the set N =N§ with 0 = 0, define a successor function S such that Ax-
ioms (P1) and (P2) are satisfied but Axiom (P3) is not satisfied. Producing
such an example shows that Axiom (P3) cannot be proved using the first
two axioms alone. I suggest you follow these steps:
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2.4.7

1. Specify S(n) for each n 2 N (perhaps by writing down a formula).

2. Show that your choices satisfy (P1) and (P2). (If you can’t do this,
then you need make different choices for S.)

3. Produce an example of a subset A Ω N such that A 6= N but which
satisfies the two bulleted properties in Axiom (P3). (If you can’t do
this, then you need make a different choice for S.)

The next exercise shows that if we have one choice of (N ,0,S) satisfying the
Peano axioms, then we can create other choices.

2.4.82.4.8 Exercise

Suppose that (N ,0,S) satisfies the Peano axioms. Let N 0 = {n 2 N : n 6= 0}.
Prove that (N 0,S(0),S) also satisfies the Peano axioms.

Mathematicians differ as to whether or not 0 “should” be considered a natural
number. In this text, we do not consider 0 as a natural number (soN= {1,2,3, . . .}
not {0,1,2,3, . . .}.) The previous exercise shows that whether or not we consider
0 to be a natural number doesn’t really matter, as long as we are consistent. To
help us be consistent throughout the text, we letN§ = {0,1,2,3, . . .}. . Henceforth,
we will assume that there is a set N§ (called the extended naturals), an element
0 2N§, and a choice of successor function S such that (N§,0,S) is a natural num-
ber system; though in Chapter 6, we will show that this assumption is actually a
consequence of other axioms. We define N = {n 2 N§ : n 6= 0} and 1 = S(0) and
observe (via the previous exercise) that (N,1,S) is a natural number system.

In what follows, we outline how the most important properties of N§ and N fol-
low from the Peano Axioms. In particular, any statement which is true for N§

or N can be converted into a true statement for any other natural number sys-
tem. What matters is not what we call the numbers, but what their properties are!
Since the content of these proofs is not tremendously important for what follows
and since we have not yet explained basic logic or how proofs are written, you
are encouraged to just give the best explanations you can for the following re-
sults and to return to them later when you have a better understanding of proof
techniques. We give some hints as to how your explanation might be structured.

In N§, every number except for 0 is one more than another element of N§. Here
is the analogous statement for any natural number system.
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2.4.9 Theorem œ All non-zero elements have predecessors

Let (N ,0,S) be a natural number system. Every m 2 N , other than the initial
object, has a unique predecessor. That is, if m 2 N with m 6= 0, then there
exists a unique element n 2 N such that S(n) = m.

The first part of the proof shows that such a predecessor exists and the second
part shows that it is unique. The kind of proof used in the first part is called a
“proof by contradiction.” We will study this more in Chapter 4. The basic idea
is to assume that what we are trying to prove is false and then do some work
to encounter a logical contradiction. The logical contradiction implies that our
initial assumption must be false, and so what we are trying to prove must be true.

Proof. We prove existence using a proof by contradiction. Assume that there
is an element m 2 N such that m 6= 0 and such that there is no element n 2 N
with S(n) = m. We will contradict Axiom (P3), by constructing a counting
subset A Ω N such that 0 2 A and A 6= N .

Define A = {n 2 N : n 6= m}. Notice that since m 2 N and m 62 A, A 6= N .

h Explain why A is a counting subset of N . i

Since A satisfies the hypotheses of Axiom (P3), by that axiom, A = N . Since
the statements A 6= N and A = N contradict each other, our initial assumption
must be false. Thus, for every m 2 N , either m = 0 or there exists n 2 N such
that S(n) = m.

Finally, let m 2 N and suppose that there exist elements a,b 2 N such that
S(a) = m and S(b) = m.

h Explain how one of the Peano axioms implies a = b. i

Thus, for each m 2 N , other than 0, there is a unique element n 2 N such that
S(n) = m.

The previous theorem shows that every element of N , except for 0, has a unique
predecessor. Given some m 2 N , other than 0, we can find its predecessor. Ei-
ther that predecessor is 0, or it also has a predecessor. We might worry that it is
possible to find an infinite regress of predecessors for some element of N . If it
were, N would be very different from our familiarN§. The next result shows that
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this is not possible. In other words, every element of N can be obtained from 0
by applying the successor function repeatedly.

2.4.10 Theorem

Suppose that (N ,0,S) is a natural number system. There is no non-empty
subset B Ω N such that for each b 2 B , the element b has a predecessor that
is also an element of B .

Again, we do a proof by contradiction.

Proof. Assume, to achieve a contradiction, that there is such a subset B . Let
A = {n 2 N : n 62 B}.

h Show that A is a counting subset of N . i

Thus, by Axiom (P3), A = N . Hence, B =?, which contradicts the assumption
that B is non-empty. Therefore, there is no non-empty subset B of N such
that for each b 2 B , b 6= 0 and P (b) 2 N .

Arithmetic with natural number systems

Our results so far show that we can get to every element of N by starting with
0 and repeatedly taking successors. As an indication of how to show that every
natural number system (N ,0,S) has the same properties as N , we explain how
to add numbers in N , using only the information available to us from the Peano
axioms. This program was first developed by Richard Dedekind1 in 1888 [38]. We
use bold-face to denote elements of N ; they may not literally be elements of N§,
though they have identical roles.

First we define what it means to add with 0:

2.4.11 Definition œ Adding Zero

For every n 2 N , define n +0 = n.

This definition tells us that adding by zero on the right does what we expect. We
haven’t yet defined what it means to add by zero on the left. Having defined what
it means to add zero, we now define what it means to add one. For convenience,
we also define subtraction by 1. Recall that by Theorem 2.4.9, all elements n of

1Richard Dedekind (1831-1916) developed and promoted Cantor’s set theory, as well as doing
significant foundational work in number theory.
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N other than 0 have a predecessor P (n).

2.4.12 Definition œ Adding One

Define 1 = S(0) and for n 2 N , define

n +1 = S(n).

That is, adding one is the same as finding the successor. Similarly, for n 6= 0,
define

n °1

to be the predecessor of n.

Observe that 0+1 is defined to be S(0) in Definition 2.4.12 and S(0) = 1 by Defi-
nition 2.4.12. Thus, 0+1 = 1, which is what we want.

2.4.132.4.13 Exercise

Use the definitions to show that for every n 2 N ,

(n +1)°1 = n

and for all n 2 N , such that n 6= 0,

(n °1)+1 = n.

We can now give names to other elements of N . This is what we did earlier when
we began at an element of N and followed arrows. Define:

• 2 = S(1) = 1+1,

• 3 = S(2) = 2+1,

• 4 = S(3) = 3+1,

• etc.

Finally, we define the addition of numbers other than 0 and 1.
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2.4.14 Definition œ Adding other natural numbers

For a,b 2 N with b 6= 0,1, define

a +b = (a + (b °1))+1.

Notice that our definition of a +b requires that we already know how to define
(a + (b ° 1)). This is an example of a recursive definition. We’ll explore these
more in Chapter 9. We don’t yet know that + (as defined for elements of N ) is
commutative or associative. Before thinking about those properties, we work a
few examples to build our intuition.

2.4.152.4.15 Example

We calculate 5+2. Since 2 is not 0 or 1, we use Definition 2.4.14. Recall
that since S(1) = 2, we have 2°1 = 1. Thus,

5+2 = 5+ (2°1)
= (5+1)+1.

By definition, 6 = 5+1, so
5+2 = 6+1.

By definition, 7 = 6+1. Thus,

5+2 = 7,

as expected!

2.4.162.4.16 Example

We calculate 5+3. Since 3 is not 0 or 1, we use Definition 2.4.14. Recall
that since S(2) = 3, we have 3°1 = 2. Thus,

5+3 = (5+ (3°1)
= (5+2)+1.

In the previous example, we showed that 5+2 = 7. Thus,

5+3 = 7+1,

which equals 8 by the definition of 8.
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2.4.172.4.17 Exercise

Prove that 2+2 = 4.

If we were keen to show that all the elementary school math we’ve learned fol-
lows from these axioms we would go on to prove that addition is commutative
(i.e. that for all a,b 2 N , a +b = b +a) and associative (i.e. that for all a,b,c 2 N ,
(a+b)+c = a+(b+c).). For a,b 2 N , we can define a ∑ b if there is an m 2 N such
that a +m = b. If there is such an m, we say that b °a = m. We would then want
to show that if a ∑ b and if c 2 N , then a +c ∑ b+c. Similarly, if a +c ∑ b+c then
a ∑ b. As you can imagine, those proofs can be quite involved and should really
wait until after we’ve explained logic and proof techniques more thoroughly! In
this text, however, we won’t spend any more time developing basic arithmetic
from axioms – we have better things to do! I assure you, however, that it can be
done! See [26, Chapter 1.2] or [70, Chapter 1], where these issues are put into a
larger philosophical context.

2.5 Application: Symmetry Groups

“All of mathematics is the study of symmetry, or how to change a
thing without really changing it ... It is symmetry, then, in its various
forms, which underlies the orderliness, laws, and rationality of the
universe, and thereby also the language of mathematics.”
- H.S.M. Coxeter1

What does it mean for an object to be symmetric? Is there more than one way
for an object to be symmetric? How many symmetries does a square have? How
many symmetries does a circle have? Does a sphere have more symmetries than
a circle? Is it more symmetric? In what sense? We can use the notion of a group
to investigate symmetries mathematically2.

To give the most general definition of a symmetry, we need to leave mathemat-
ics3 to give a definition in which not every term is precisely defined:

1H.S.M. Coxeter (1907 - 2003) was responsible for mathematicians’ rediscovery of the joy of
euclidean geometry and symmetry. He wrote and published research papers up until his death,
proving by example that age need not be an obstruction to being a mathematician.

2In what follows, we’ll assume some familarity with functions whose domain and codomain are
the plane R2 and with function composition. Anyone who has taken two semesters of Calculus
should be okay. Otherwise, come back to this section after reading Chapter 8.

3Don’t worry! We’ll be back momentarily.

54/470



Scott A. Taylor 2. Sets with Structure

2.5.1 Informal Definition

Suppose that X is an object with some sort of structure. A symmetry of
X is an invertible structure-preserving transformation of X . Two symme-
tries are the same if they transform each point of X in exactly the same
way. By saying that transformation is “invertible,” we mean that there is al-
ways another structure-preserving transformation returning the object to
its original state.

Metric spaces provide a natural setting for discussing symmetries, as we can con-
sider all invertible transformations of the metric space which preserve distance.
We’ll wait until we have discussed abstract functions in more detail before taking
up that idea, however. For now, we will consider only transformations of subsets
of the plane R2 which preserve euclidean distance. For example, the symme-
tries of a square consist of four counter-clockwise rotations (by 0±, 90±, 180±, and
270±) and four reflections, as in Figure 2.7.

Figure 2.7: The four bilateral symmetries of a square

Symmetries play an important role in chemistry. For example, if a molecule ad-
mits a reflection as a symmetry than it is achiral1 Molecules that are not achi-
ral are chiral. A chiral molecule may have very different properties from the
molecule which is its mirror image. For example, the mirror image of a sugar

1More precisely, if a reflected version of the molecule can be translated and rotated through
space to coincide with the original then the molecule is achiral.
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molecule is used as a sugar substitute and the symmetries and asymmetrices of
naturally occuring and synthetic molecules play an important role in the Dorothy
L. Sayers mystery The Documents in the Case.

2.5.22.5.2 Example

Symmetry also plays an important role in art, both decorative and other-
wise. What symmetries are present in Figure 2.8?

Figure 2.8: A quilt from the Pilgrim/Roy collection. Photo from quiltmuseum.org

While symmetry in decorative art can lend a pleasing calmness, too much sym-
metry in non-decorative art leads to monotony. Artists will naturally find ways
to suggest the presence of symmetry and then break the pattern. For example,
Figure 2.9 shows circular ripples expanding outwards. Of course, we observe
the rotational symmetries inherent in the picture, but the expanding ripples also
seem to imbue the picture with a sense of symmetry. The symmetry of the rip-
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ples is “broken” by angle at which the photo is taken, so that the ripples do not
appear as circles (with their many symmetries) but rather as ellipses (with their
many fewer symmetries.)

Figure 2.9: Photo by Gian Luigi Perrella on Flickr. Used by permission under the
creative commons license.

Figure 2.10: X is a particular set of concentric circles in R2.

Observe that whatever our object X is, if we “do nothing” we have a transforma-
tion preserving the structure of X . It is its own inverse. If S and T are symmetries
of X , then the transformation S ±T obtained by first performing the symmetry
T and then performing the symmetry S will also preserve the structure of X . Fi-
nally, notice that we are only considering invertible transformations of X and so
axioms (G1) - (G3) hold for the set SYM(X ) of symmetries of X . Once we for-
malize this by discussing functions, we will also be able to conclude that the
operation ± is associative and so SYM(X ) is a group with operation ±.
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2.5.32.5.3 Example

Let X be the subset of R2 consisting exactly of all the points which lie on a
circle centered at the origin and of radius 2n for some n. A portion of the
set X is depicted in Figure 2.10. Every symmetry of X is either a rotation of
R2 about the origin, a reflection of R2 across a line through the origin, or a
function of the form f (x, y) = (2n x,2n y) for some n 2Z, or a combination
of these.

2.5.42.5.4 Exercise

Let G be the set of functions of R2 to itself of the form f (x, y) = (2n x,2n y)
for some n 2Z. Verify that G is a group with function composition as the
operation. (For the purposes of this exercise, you may omit verifying that
associativity holds.) The group G is a subgroup of the group of symme-
tries of the set X from the previous example.

Given an object X (perhaps a work of art or piece of music or a molecule) we
can attempt to determine the group of the symmetries of X . But we can also use
groups to create interesting objects. For example, if G is a group whose elements
are functions of R2 to itself (with group operation function composition), then
we can create a design by starting with a point (x0, y0) 2 X and then defining the
set X whose elements are all points (x, y) 2 R2 such that there is some function
g 2G with g (x0, y0) = (x, y).

2.5.52.5.5 Example

Let G be the set of functions of R2 to itself, such that if g 2 G , then there
exist n,m 2 Z such that g (x, y) = (x +n, y +m). Letting (x0, y0) = (0,0),
observe that, for all n,m 2Z, g (x0, y0) = (n,m). Then X =Z£ZΩR2, as in
Figure 2.11.

Of course, this image X is not terribly interesting. But then we have not cho-
sen a particularly interesting group. The next example gives a hint of what we
can obtain if we choose a more interesting group. The resulting design gives the
sense of symmetry, but does not admit any of the usual translation, reflection, or
rotation symmetris of R2.
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Figure 2.11: X is the integer lattice in R2. See Example 2.5.5.

Figure 2.12: An design obtained by applying f and g from Example 2.5.6 to a
small circle some distance from the origin.

2.5.62.5.6 Example

Define the following functions. Let f be the function which rotates R2 by
an angle of º/12 and then scales in the x coordinate by .9 and in the y
coordinate by .85. Let g be the rotation by an angle of º/12. We let G be
group whose elements consist of all functions that are the composition of
the result of composing f , g , and their inverses some number of times.
A portion of the resulting design X , for an initial starting point (x0, y0), is
shown in Figure 2.12.
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2.6 Appendix: Euclidean metric

In this appendix, we prove that Rn with the euclidean metric is actually a metric
space. We will not use the methods of proof elsewhere in the text. Throughout
we let x = (x1, . . . , xn), y = (y1, . . . , yn) and so forth. Each entry in the list is a real
number and x = y if and only if x1 = y1, x2 = y2, etc.

The euclidean metric on Rn is defined by:

d(x,y) =
q

(x1 ° y1)2 + (x2 ° y2)2 +·· ·+ (xn ° yn)2.

Observe that it is immediate from the definition that the euclidean metric on Rn

is positive, definite, and symmetric. We need to show that it satisfies the triangle
inequality. We begin with some lemmas that simplify the situation.

2.6.1 Lemma œ Translation doesn’t change distance

Suppose that a 2Rn . Then for all x,y 2Rn ,

d(x,y) = d(x°a,y°a)

Recall that for vectors a = (a1, . . . , an) and b = (b1, . . . ,bn), we define

a ·b = a1b1 + . . .+anbn

The following facts are straightforward to prove from the definition:

2.6.2 Lemma

Suppose that a,b,c 2Rn and that k 2R then

• a ·b = b ·a

• (ka) ·b = k(a ·b) = a · (kb).

• a · (b+c) = a ·b+a ·c

• a ·a = (d(a,0))2

• a·b = d(a,0)d(b,0)cosµ where µ 2 [0,º] is the angle between the vec-
tors a and b, measured in the plane containing them and 0.

• (d(a,b))2 = (a°b) · (a°b) = d(a°b,0).
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2.6.3 Lemma

Suppose that x,y,z 2Rn , then

d(x,z) ∑ d(x,y)+d(y,z).

Proof. Let a = x°y and b = z°y. By Lemma 2.6.2,

d(a,0) = d(x,0)
d(a,b) = d(x,z)
d(0,c) = d(y,z).

Thus, it suffices to show that d(a,b) ∑ d(a,0)+d(0,b).
We have

(d(a,b))2 = (b°a) · (b°a)
= b ·b°2a ·b+a ·a
∑ (d(0,b))2 + (d(a,0))2

∑ (d(0,b)+d(a,0))2

Taking the square roots of both sides,

d(a,b) ∑ d(0,b)+d(a,0),

as desired.

2.6.4 Corollary

The euclidean metric on Rn is a metric.
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